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Getting Started

About 7ime Series

Time Series is designed specifically to study and analyze linear time series, both univariate and multivariate,
using Mathematica. It consists of this documentation, one Mathematica package file, and data files.

Mathematica package files are collections of programs written in the Mathematica language, so Time Series can
only be used in conjunction with Mathematica. The Mathematica package file provided with Time Series is Time:
Series.m. It contains many of the functions and utilities necessary for time series analysis. MovingAverage,
MovingMedian and ExponentialMovingAverage, commonly used for smoothing data, are included in
Mathematica.

The primary purpose of the manual is to introduce and illustrate how to use the functions contained in the
package. Part 1, User's Guide to Time Series, serves as a more detailed guide to the time series subject. Relevant
concepts, methods, and formulas of linear time series analysis as well as more detailed examples are presented
so as to make the whole Time Series as self-contained as possible. It is hoped that Time Series can serve as both an
instructional resource and a practical tool so it can be used for pedagogical purposes as well as for analysis of
real data. For those who want to pursue the detailed derivations and assumptions of different techniques,
appropriate references to standard literature are given at the end of the manual. Part 2, Summary of Time Series
Functions, summarizes the Mathematica functions provided by TimeSeries.m . It gives the definitions of the
functions and examples illustrating their usage. Only those formulas that help define terms and notations are
included. This concise summary is meant to be a quick and handy reference for the more advanced user or one
familiar with the application package.

The organization of Part 1 is as follows. We introduce the commonly used stationary time series models and the
basic theoretical quantities such as covariance and correlation functions in Section 1.2. Nonstationary and
seasonal models are discussed in Section 1.3. Various elementary functions that check for stationarity and
invertibility and compute correlations both in the univariate and multivariate cases are described in these two
sections. A variety of transformations including linear filtering, simple exponential smoothing, and the Box-Cox
transformation, which prepare data for modeling, are presented in Section 1.4. Model identification (i.e., select-
ing the orders of an ARMA model) is dealt with in Section 1.5. The calculation of sample correlations and
applications of information criteria to both univariate and multivariate cases are described. Different algorithms
for estimating ARMA parameters (the Yule-Walker method, the Levinson-Durbin algorithm, Burg's algorithm,
the innovations algorithm, the long AR method, the Hannan-Rissanen procedure, the maximum likelihood
method, and the conditional maximum likelihood method) are presented in Section 1.6. Other useful functions
and diagnostic checking capabilities are also developed in this section. Section 1.7 is devoted to forecasting
using the exact and approximate best linear predictors. Spectral analysis is the theme of Section 1.8. Functions
to estimate the power spectrum and smoothing of spectra in time and frequency domains using a variety of
windows are provided. In Section 1.9 we present functions to implement the Kalman filter technique. Structural
models and univariate ARCH, GARCH, ARCH-in-mean, and GARCH-in-mean models are discussed in Section
1.10. The procedures and functions discussed in earlier sections are used to analyze four different data sets in
Section 1.11.
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Data sets used in the illustrative examples are also provided with the application package so the results of the

examples can be reproduced if desired. These data sets are contained in data files; they can be found in the
Data subdirectory of the TimeSeries directory.
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1.1 Introduction

A discrete time series is a set of time-ordered data {x;, x,, ..., X4, ..., X;,} obtained from observations of some

phenomenon over time. Throughout this documentation we will assume, as is commonly done, that the observa-
tions are made at equally spaced time intervals. This assumption enables us to use the interval between two
successive observations as the unit of time and, without any loss of generality, we will denote the time series by
{x1, X2, ... xt, ... x,,}. The subscript ¢ can now be referred to as time, so x; is the observed value of the time series
at time ¢. The total number of observations in a time series (here n) is called the length of the time series (or the
length of the data). We will also assume that the observations result in real numbers, so that if at each time t a
single quantity is observed, the resulting x; is a real number, and {xi, x», ..., x,,} is called a scalar or univariate
time series. If at each time ¢ several related quantities are observed, x; is a real vector and {xy, x5, ..., x,} corre-
sponds to a vector or multivariate time series.

The fundamental aim of time series analysis is to understand the underlying mechanism that generates the
observed data and, in turn, to forecast future values of the series. Given the unknowns that affect the observed
values in time series, it is natural to suppose that the generating mechanism is probabilistic and to model time
series as stochastic processes. By this we mean that the observation x; is presumed to be a realized value of
some random variable X;; the time series {xy, x, ... x, ...}, a single realization of a stochastic process (i.e., a
sequence of random variables) {Xj, X, ... X}, ... }. In the following we will use the term time series to refer both
to the observed data and to the stochastic process; however, X will denote a random variable and x a particular
realization of X.

Examples of time series abound around us. Daily closing stock prices, monthly unemployment figures, the
annual precipitation index, crime rates, and earthquake aftershock frequencies are all examples of time series
we encounter. Virtually any quantity recorded over time yields a time series. To "visualize" a time series we plot
our observations {x;} as a function of the time ¢. This is called a time plot. The following examples of time plots
illustrate some typical types of time series.

Example 1.1 The file 1ynx.dat in the directory TimeSeries/Data contains the annual
number of lynx trapped in northwest Canada from 1821 to 1934. To plot the series we first
need to read in the data; this is done by using ReadList. (See Section 1.4.1 for more on
how to read in data from a file.)

This loads the TimeSeries package.

In[1] := Needs["TimeSeries TimeSeries "]
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This reads in the data.

In[2] := lynxdata = ReadList[ToFileName[{"TimeSeries", "Data"}, "lynx.dat"], Number];

To plot the data we use the Mathematica function DateListPlot.

Here is a plot of the lynx data. We see that there is a periodic oscillation with an approximate period of ten years.

In[3] := DateListPlot[lynxdata, {{1821}, {1934}},
Joined -> True, FramelLabel -> {"year", "number of lynx trapped"}]

T
1

7000

T
L

6000

T
1l

T
1

5000

T
L

T
1

4000

T
L

Out [3] =
ut (3] 3000

T
1

T
L

2000

T
1

number of lynx trapped

T
L

1000

T
1

T
L

1

Example 1.2 The file airline.dat contains the data of monthly totals of international
airline passengers in thousands from January 1949 to December 1960. It is read and plotted
as a function of time.

The airline passenger data is read in here.

In[4] := aldata = ReadList[ToFileName[{"TimeSeries", "Data"}, "airline.dat"], Number];
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A plot of the airline passenger data shows a cyclic component on top of a rising trend.

In[5] := DateListPlot[aldata,

Out [5] =

Joined -> True,

number of passengers

FrameLabel -> {"t",

{{1949, 1}, {1960, 12}},

"number of passengers"}]
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| Example 1.3 Here is the time plot of common stock price from 1871 to 1970.

This reads in the data.

In[6] :=

The plot of the common stock price shows no apparent periodic structure with marked increase in later years.

In[7] := DateListPlot[csp,
PlotRange -> All,

out [7]=

csp =

common stock price

ReadList[ToFileName[{"TimeSeries",

{{1871}, {1970}},
FrameLabel -> {"year",

"Data"}, "csp.dat"], Number];

Joined -> True,

"common stock price"}]
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The Time Series application package provides many of the basic tools used in the analysis of both univariate and
multivariate time series. Several excellent textbooks exist that the reader may consult for detailed expositions
and proofs. In this part of the manual we provide succinct summaries of the concepts and methods, introduce
the functions that perform different tasks, and illustrate their usage. We first introduce some basic theoretical
concepts and models used in time series analysis in Sections 1.2 and 1.3. Then in Section 1.4 we prepare data
for modeling. Sections 1.5 and 1.6 deal with fitting a model to a given set of data, and Section 1.7 describes
forecasting. Spectral analysis is the theme of Section 1.8. Section 1.9 introduces structural models and the
Kalman filter. Section 1.10 deals with ARCH models and in the final section four data sets are analyzed using
the methods introduced in this manual.



1.2 Stationary Time Series Models

In this section the commonly used linear time series models (AR, MA, and ARMA models) are defined and the
objects that represent them in Time Series are introduced. We outline the key concepts of weak stationarity and
invertibility and state the conditions on the model parameters that ensure these properties. Functions that check
for stationarity and invertibility of a given ARMA model and that expand a stationary model as an approximate
MA model and an invertible model as an approximate AR model are then defined. We devote a considerable
portion of the section to the discussion of the fundamental quantities, covariance, correlation, and partial correla-
tion functions. We introduce and illustrate functions that calculate these quantities. Finally, we generalize the
models and concepts to multivariate time series; all the functions defined in the univariate case can also be used
for multivariate models as is demonstrated in a few examples.

1.2.1 Autoregressive Moving Average Models

The fundamental assumption of time series modeling is that the value of the series at time ¢, X;, depends only
on its previous values (deterministic part) and on a random disturbance (stochastic part). Furthermore, if this
dependence of X; on the previous p values is assumed to be linear, we can write

Xi=¢1 Xer+ Xeo+ oo + 0y Xep + 24, (2.1)

where {¢1, ¢, ..., #,} are real constants. 7, is the disturbance at time f, and it is usually modeled as a linear
combination of zero-mean, uncorrelated random variables or a zero-mean white noise process {Z;}

Zi=Zi+ 0 Zia+ 0 Zia+ ... +0, 2. (2.2)

({Z;} is a white noise process with mean 0 and variance o if and only if EZ,; =0, EZ? = ¢ for all ¢, and
EZ;Z, =0if s + t, where E denotes the expectation.) Z, is often referred to as the random error or noise at time t¢.
The constants {¢1, ¢2, ..., ¢y} and {61, 6, ..., 6} are called autoregressive (AR) coefficients and moving average (MA)

coefficients, respectively, for the obvious reason that (2.1) resembles a regression model and (2.2) a moving
average. Combining (2.1) and (2.2) we get

Xt - ¢1 Xt—l - ¢2 Xt—Z T ee. T ¢P Xt—p = Zt + 01 Zt—l + 92 Zt—Z + ...+ gq Zt—q' (23)

This defines a zero-mean autoregressive moving average (ARMA) process of orders p and g, or ARMA(p, g). In
general, a constant term can occur on the right-hand side of (2.3) signalling a nonzero mean process. However,
any stationary ARMA process with a nonzero mean u can be transformed into one with mean zero simply by
subtracting the mean from the process. (See Section 1.2.2 for the definition of stationarity and an illustrative
example.) Therefore, without any loss of generality we restrict our attention to zero-mean ARMA processes.
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It is useful to introduce the backward shift operator B defined by
B X=X,
This allows us to express compactly the model described by (2.3). We define the autoregressive polynomial ¢(x) as
d)=1-d1x-dp" — ... — ¢! (24)
and the moving average polynomial 6(x) as
0)=1+601x+6,x" +... +6,x7, (2.5)

and assume that ¢(x) and 6(x) have no common factors. (Note the negative signs in the definition of the AR
polynomial.) Equation (2.3) can be cast in the form

$(B) X; = 6(B) Z. 2.6)

When g =0 only the AR part remains and (2.3) reduces to a pure autoregressive process of order p denoted by
AR(p)

Xi—1 Xen 2 Xypp — ... —¢p X4y = 9(B) X = Zy. (2.7)
Similarly, if p = 0, we obtain a pure moving average process of order q, MA(g),

Xt = Zt + 01 Zt—l + 02 Zt—Z + ...+ gq Zt—q = Q(B) Zt'
When neither p nor g is zero, an ARMA(p, ) model is sometimes referred to as a "mixed model".

The commonly used time series models are represented in this package by objects of the generic form
model [param,, param,, ... ]1.Since an ARMA model is defined by its AR and MA coefficients and the white

noise variance (the noise is assumed to be normally distributed), the object
ARMAModel ({1, ¢2, ... , @y}, {61, 62, ..., O}, 0]

specifies an ARMA(p, 9) model with AR coefficients {¢1, ¢», ..., ¢,} and MA coefficients {6y, 6, ..., 6;} and noise
variance o>. Note that the AR and MA coefficients are enclosed in lists. Similarly, the object

ARModel [{¢1, o, ... , By}, 0721
specifies an AR(p) model and
MAModel [{01, 65, ... , 6,}, 07

denotes an MA(g) model. Each of these objects provides a convenient way of organizing the parameters and
serves to specify a particular model. It cannot itself be evaluated. For example, if we enter an MAModel object it
is returned unevaluated.
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This loads the package.

In[1] := Needs["TimeSeries TimeSeries ™ "]

The object is not evaluated.

In[2] := MAModel[{thetal, theta2}, sigma2]

out [2] = MAModel [{thetal, theta2}, sigma2]

These objects are either used as arguments of time series functions or generated as output, as we will see later in
examples.

1.2.2 Stationarity

In order to make any kind of statistical inference from a single realization of a random process, stationarity of
the process is often assumed. Intuitively, a process {X;} is stationary if its statistical properties do not change
over time. More precisely, the probability distributions of the process are time-invariant. In practice, a much
weaker definition of stationarity called second-order stationarity or weak stationarity is employed. Let E denote the
expectation of a random process. The mean, variance, and covariance of the process are defined as follows:

mean: u(t) = EX;,

variance: o (t) = Var (X;) = E (X, — u(t))z, and

covariance: y (s, r) = Cov (X;, X;) = E (X5 — u(s)) (X, — u(r)).

A time series is second-order stationary if it satisfies the following conditions:
(@) u(t) = u, and o%(t) = o> for all t, and
(b) ¥(s, r) is a function of (s — ) only.

Henceforth, we will drop the qualifier "second-order” and a stationary process will always refer to a second-
order or weak stationary process.

By definition, stationarity implies that the process has a constant mean u. This allows us without loss of general-
ity to consider only zero-mean processes since a constant mean can be transformed away by subtracting the
mean value from the process as illustrated in the following example.

I Example 2.1 Transform a nonzero mean stationary ARMA(p, q) process to a zero-mean
one.

A nonzero mean stationary ARMA(p, q) model is defined by ¢(B) X; = ¢ + 6(B) Z;, where ¢ is a constant and ¢(x)
and 6(x) are AR and MA polynomials defined earlier. Taking the expectation on both sides we have ¢(1) 4 = ¢ or
n=05/¢1). (For a stationary model we have ¢(1) # 0. See Example 2.2.) Now if we denote X; — u as Y;, the
process {Y;} is a zero-mean, stationary process satisfying ¢(B) Y; = 6(B) Z;.
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There is another important consequence of stationarity. The fact that the covariance Cov (X;, X,) of a stationary
process is only a function of the time difference s — r (which is termed Iag) allows us to define two fundamental
quantities of time series analysis: covariance function and correlation function. The covariance function y(k) is

defined by

v (k) = Cov (Xyyy, Xi) = E Xpyy — 1) (Xe — ) (2.8)

and the correlation function p(k) is

p (k) = Corr (Xpui X0) = Cov (Xpuiy Xp) [ | Var Xoup) Var (X =y ®) 7 (0).

Consequently, a correlation function is simply a normalized version of the covariance function. It is worth
noting the following properties of p(k): p(k) = p(=k), p(0) = 1, and |p(k)| < 1.

Before we discuss the calculation of these functions in the next section, we first turn to the ARMA models
defined earlier and see what restrictions stationarity imposes on the model parameters. This can be seen from
the following simple example.

I Example 2.2 Derive the covariance and correlation functions of an AR(1) process
Xi =1 Xpm1 + 2y

From (2.8) we obtain the covariance function at lag zero ¥(0) = E(¢1 X1 +2Zp)? = ¢2y(0) + 02, and hence,
¥0)=0?/(1-¢3). Now (k) =EX;x Xp) = E(¢1 Xpspo1 + Ziop) Xi) = 1 y(k = 1).  Iterating  this we  get

y(k) = qﬁlf v(0) = ¢’{ a? / (1 - qﬁ) and the correlation function p(k) = ¢’{. (Note that we have used E X; Z,,, =0 for
k>0.)

In the above calculation we have assumed stationarity. This is true only if |¢;| < 1 or, equivalently, the magni-
tude of the zero of the AR polynomial ¢(x) = 1 — ¢; x is greater than one so that y(0) is positive. This condition of
stationarity is, in fact, general. An ARMA model is stationary if and only if all the zeros of the AR polynomial
¢(x) lie outside the unit circle in the complex plane. In contrast, some authors refer to this condition as the
causality condition: an ARMA model is causal if all the zeros of its AR polynomial lie outside the unit circle.
They define a model to be stationary if its AR polynomial has no zero on the unit circle. See for example, Brock-
well and Davis (1987), Chapter 3.

A stationary ARMA model can be expanded formally as an MA(co) model by inverting the AR polynomial and
expanding ¢~(B). From (2.6), we have

X, =¢" BB Zi= ) 47, 2.9)
=0

where {y;} are the coefficients of the equivalent MA(co) model and are often referred to as ¢ weights. For exam-

ple, an AR(1) model can be written as X; = (1 — ¢ B)™ Z; = 20 ¢’i Zyjie, ;= .
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Similarly, we say an ARMA model is invertible if all the zeros of its MA polynomial lie outside the unit circle,
and an invertible ARMA model in turn can be expanded as an AR(c0) model

Zi=0" B¢ B) X = ) 1 X, ). (2.10)
j=0

Note the symmetry or duality between the AR and MA parts of an ARMA process. We will encounter this
duality again later when we discuss the correlation function and the partial correlation function in the next two
sections.

To check if a particular model is stationary or invertible, the following functions can be used:
StationaryQ [model]l or StationaryQI[{¢i, ... , ¢p}]

or
InvertibleQ [model] or InvertibleQ[{f;, ..., 011

(Henceforth, when model is used as a Mathematica function argument it means the model object.) When the
model coefficients are numerical, these functions solve the equations ¢(x) = 0 and 6(x) = 0, respectively, check
whether any root has an absolute value less than or equal to one, and give True or False as the output.

Example 2.3 Check to see if the ARMA(2, 1) model X; —0.5X;1 +1.2X; p =Z;+0.7Z; 4 is
stationary and invertible. (The noise variance is 1.)

The model is not stationary.

In[3]:= StationaryQ[ARMAModel[{0.5, -1.2}, {0.7}, 1]]

out [3]= False

Since the stationarity condition depends only on the AR coefficients, we can also simply input the list of AR
coefficients.

This gives the same result as above.

In[4] := StationaryQ[{0.5, -1.2}]

out [4]= False

We can, of course, use Mathematica to explicitly solve the equation ¢(x) = 0 and check that there are indeed roots
inside the unit circle.

This solves the equation ¢(x) = 0.

In[5]:= Solve[l - 0.5x + 1.2x"2 == 0, x]

out[5]= {{x—>0.208333-0.888781i}, {x—>0.208333+0.888781i}}
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This gives the absolute values of the two roots. In Mathematica, % represents the last output and Abs [x /. %] substitutes the
roots in X and finds the absolute values.

In[6]:= Abs[x /. %]

out [6]= {0.912871, 0.912871}

We can check invertibility using the function InvertibleQ.

The model is found to be invertible.

In[7]:= InvertibleQ[ARMAModel[{0.5, -1.2}, {0.7}, 1]]

out [7]= True

We can also just input the MA coefficients to check invertibility.

In[8] := InvertibleQ[{0.7}]

out [8]= True
Thus the model under consideration is invertible but not stationary.

The functions StationaryQ and InvertibleQ give True or False only when the corresponding AR or MA
parameters are numerical. The presence of symbolic parameters prevents the determination of the locations of
the zeros of the corresponding polynomials and, therefore, stationarity or invertibility cannot be determined, as
in the following example.

No True or False is returned when the coefficients of the polynomial are not numerical.
In[9] := StationaryQ[{pl, p2}]

out [9]= StationaryQ[{pl, p2}]

Next we define the functions that allow us to expand a stationary ARMA model as an approximate MA(q)
model (X; ~ Z}LO Y;Z,j) using (2.9) or an invertible ARMA model as an approximate AR(p) model

(Zf:o 7 X;_j ~ Z) using (2.10). The function
ToARModel [model, p]
gives the order p truncation of the AR(c0) expansion of model. Similarly,

ToMAModel [model, q]

yields the order g truncation of the MA(c0) expansion of model. The usage of these functions is illustrated in the
following example.

Example 2.4 Expand the model X; - 0.9 X;_; + 0.3 X;_» = Z; as an approximate MA(5)
model using (2.9) and the model X; — 0.7 X;_; = Z; — 0.5Z,_; as an approximate AR(6)
model using (2.10). The noise variance is 1.
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This expands the given AR(2) model as an MA(5) model.

In[10] :~ ToMAModel [ARModel[{0.9, -0.3}, 1], 5]

out[10]= MAModel[{0.9, 0.51, 0.189, 0.0171, -0.04131}, 1]

In the above calculation, as in some others, the value of the noise variance 02 is not used. In this case we can
omit the noise variance from the model objects.

Here we suppress the noise variance. This does not affect the expansion coefficients.

In[11] := ToARModel [ARMAModel[{0.7}, {-0.5}], 6]

out[11]= ARModel[{0.2, 0.1, 0.05, 0.025, 0.0125, 0.00625}]

We can, of course, include the variance back in the model object using Append.

The noise variance is inserted back into the model object.
In[12] := Append[%, var]

out[12]= ARModel[{0.2, 0.1, 0.05, 0.025, 0.0125, 0.00625}, var]

If the model is not stationary or invertible, the corresponding expansion is not valid. If we insist on doing the
expansion anyway, a warning message will appear along with the formal expansion as seen below.

A warning message comes with the expansion result.

In[13] := ToARModel [MAModel[{1.2}, 1], 4]
ToARModel : :nonin : Warning: The model MAModel[{1.2}, 1] is not invertible.

out[13]= ARModel[{1.2, -1.44, 1.728, -2.0736}, 1]

These functions can also be used to expand models with symbolic parameters, but bear in mind that it is usually
slower to do symbolic calculations than to do numerical ones.

This expands an ARMAC(1, 1) model with symbolic parameters.

In[14] := ToMAModel [ARMAModel[{pl}, {tl}, s], 4]

out [14]= MAModel[{pl+tl, pl (pl+tl), p1® (pl+tl), p1® (pl+tl)}, s]
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1.2.3 Covariance and Correlation Functions

We have defined the covariance and correlation functions of a stationary process in Section 1.2.2. We now
illustrate how to obtain the covariance and the correlation functions of a given model using this package. The
functions

CovarianceFunction [model, h] and CorrelationFunction [model, h]

give, respectively, the covariance and the correlation functions of the given model up to lag h, that is,
{y(0), 1), ..., y(h)} and {p(0), p(1), ..., p(h)}. The code for each function solves internally a set of difference
equations obtained by multiplying both sides of (2.3) by X;_; (k=0, 1, ...) and taking expectations. For mathe-
matical details see Brockwell and Davis (1987), p. 92.

We begin by considering the behavior of the covariance and correlation functions of AR models.

Example 2.5 In Example 2.2 we derived the covariance and correlation functions of AR(1)
model. Now we can obtain the same results using CovarianceFunction and Correla:-
tionFunction.

This calculates the covariance function of an AR(1) model up to lag 4.
In[15] := CovarianceFunction[ARModel[{pl}, s], 4]

5] pls plzs pl” s p14s
Out[15]= {* 2, - 2/ - 2! - 2/ - 2}
-1+pl -1+pl -1+pl -1+pl -1+pl

3

These are the covariances at lags 0, 1, ..., 4. Note that the first entry in the output is y(0), the variance of the
series. To get the correlation function we need to divide the above result by its first entry ¥(0). This can be done
explicitly as follows.

The correlation function of the AR(1) model is calculated up to lag 4. The expression % [ [1]] represents the first element of
the last output.

In[16]:= %/%[[1]]

out (16]= {1, p1, p1°, p1°, p1*}

We may also obtain the correlation function directly.

This gives the same correlation function up to lag 4.

In[17] := corr = CorrelationFunction[ARModel[{pl}, s], 4]
out[17]= {1, p1, p1?, p1°, p1*}

Both CorrelationFunction and CovarianceFunction use the function StationaryQ to check the
stationarity of the model before computing the correlation or covariance function. If the model is manifestly
nonstationary, the covariance or the correlation is not calculated.
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When the model is not stationary, no correlation is calculated.

In[18] := CorrelationFunction[ARModel[{-0.8, 0.7}, 1], 4]

CovarianceFunction: :nonst :
The model ARMAModel[{-0.8, 0.7}, {0.}, 1] is not stationary.

out [18] = CorrelationFunction[ARModel[{-0.8, 0.7}, 1], 4]

When symbolic coefficients are used, StationaryQ will not give True or False and the covariance and the
correlation functions are calculated assuming the model is stationary, as we have seen in Example 2.5.

Example 2.5 shows that the correlation function of an AR(1) process decays exponentially for a stationary
model, and when ¢; < 0 it oscillates between positive and negative values. In order to visualize the "shape" of
the correlation function, we plot it as a function of the lag. Since the correlation function is a list of discrete
values, we use the Mathematica function ListPlot to plot it. ListLinePlot could be used instead if a line
plot through the values is desired.

The output of CorrelationFunction or CovarianceFunction corresponds to lags 0, 1, 2, ..., while List-
Plot assumes x coordinates of 1, 2, ... if x coordiantes are not explictly given. To match the lags with the correct
correlation terms, we can either drop the first entry of the output of CorrelationFunction and plot
{p(1), p(2), ..., p(h)} using ListPlot, plot the output using ListPlot with an additional DataRange option,
or input the correlation data to ListPlot in the form {{0, p(0)}, {1, p(1)}, ..., {h, p(h)}}. This form can be
obtained by using Transpose.

Here we recast the output of CorrelationFunction in the desired form.

In[19] := Transpose[{Range[0, 4], corr}]
outr197= {{0, 1}, {1, p1}, {2, p1*}, {3, p1°}, {4, p1*}}

The output can then be used as the argument of ListPlot. It is convenient to define a function that takes the
output of CorrelationFunction and does the appropriate plot so the data does not need to be manually
processed every time we plot the correlation function. We will choose to use the DataRange option to List:
Plot and define the function plotcorr as follows.

This defines plotcorr for plotting correlation functions.

In[20] := Plotcorr[corr , opts ] :=ListPlot[corr, DataRange -> {0, Length[corr] - 1}, opts]

The first argument in plotcorr is the output of CorrelationFunction and the second is the usual set of
options for ListPlot. Next we display the two typical forms of the correlation function of an AR(1) process,
one for positive ¢1( = 0.7) and one for negative ¢;( = —0.7) using the function plotcorr. (Since the correlation
function of a univariate time series is independent of the noise variance, we set o = 1.)
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This calculates the correlation function up to lag 10. The semicolon at the end of the command prevents the display of the
output.

In[21] := corrl = CorrelationFunction[ARModel[{0.7}, 1], 10];

This is the plot of the correlation function.
In[22] := plotcorr[corrl, AxesLabel -> {"k", "p(k)"}]
o (k)

1.0¢

0.8

T
)

out [22] =

T T T T

T

S S S RS S
2 4 6 8 10

Note that if we do not need the correlation function for other purposes we can directly include the calculation of
the correlation function inside the function plotcorr as shown below.

This gives the plot of the correlation function for ¢; = —0.7.

In[23] := plotcorr[CorrelationFunction[ARModel[{-0.7}, 1], 10], AxesLabel -> {"k", "p(k)"}]

o (k)
1.04
0.5+ .
out [23] = L °
L .
L]
n n n 1 n n n 1 n n n 1 n n n 1 n n n L] k
L 2 4 6 o 8 ¢ 10
| .
[ L]
,O_Sk
L .

We have given the option AxesLabel -> {"k", "p (k) "} to label the axes. We can also specify other options
of ListPlot. (To find out all the options of ListPlot use Options [ListPlot].) For example, if we want to
join the points plotted, then the option Joined -> True should be given, and if we want to label the plot we
use PlotLabel -> "label" as in the following example.
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Example 2.6 Plot the correlation function of the Yule, or AR(2), process:
Xt = 09 Xt—l - 08 Xt—z + Zt'

The correlation function of the given AR(2) process is plotted. For future re-display, we have called this graph g1 (see
Example 5.1).

In[24]:= gl = plotcorr[CorrelationFunction[ARModel[{0.9, -0.8}, 1], 25],
AxesLabel -> {"k", "p(k)"}, Joined -> True, PlotLabel -> "Correlation Function"]

Correlation Function
o (k)
1.0

out [24] =

The way the correlation function decays is intimately related to the roots of ¢(x) = 0. Complex roots give rise to
oscillatory behavior of the correlation function as we observe in this example. For the explicit expression of the
covariance function y(k) in terms of the zeros of ¢(x), see Brockwell and Davis (1987), Section 3.3.

Next we study the behavior of MA models. Recall that the covariance function y(k) of an ARMA process is
calculated by multiplying both sides of (2.3) by X, and computing expectations. Note that for an MA(qg)
process when k > g there is no overlap on the right-hand side of (2.3). Thus y(k) = 0 (p(k) = 0) for k > q. This is
characteristic of the MA correlation function, and it is, in fact, often used to identify the order of an MA process,
as we shall see in Section 1.5.

Example 2.7 Find the correlation function up to lag 4 of an MA(2) process:
Xe=Zi+01 24 1 +0, 724 5.

This calculates the correlation function up to lag 4 of an MA(2) process.

In[25] := CorrelationFunction[MAModel[{tl, t2}, wvar], 4]

tl (1+t2) t2
out [25] = {1, , , 0, 0}
1+tl%+t2% 1+tl?+t2?

We see that p(k) = 0 for k > 2.

In fact, the correlation function of an MA model can be easily worked out analytically (see Brockwell and Davis
(1977), p. 93). In particular, when an MA(q) model has equal 6 weights (i.e., 61 = 6, = ... =6, = 6), the correlation

function is given by y(0) =1, y(k) =0 for k > g, and y(k) = (9 + 02(q - k)) / (1 +6? q) for 0 <k <g. In particular,
when 6 = 6 = 1, the correlation function is y(k) = (1 + g — k) /(1 + g) for k < g, a straight line with slope —1/(1 + g).
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(For convenience, we define 6, = 1 so that the MA polynomial can be written as 6 (x) = Z?:o 0; x'. Similarly we

write the AR polynomial as ¢ (x) = Zfzo ¢; x' with ¢y = 1.)

| Example 2.8 Find the correlation function of an MA(8) model with equal 6 weights.

This calculates the correlation function of an MA(8) model with equal 6 weights.

In[26] := CorrelationFunction[MAModel [Table[tl, {8}], 1], 10]

£1 (1+7tl) tl(l+6tl) tl (1L+5¢t1)
out [26] = {1, ' ' '

1+8t1? 1+8t12 1+8tl?
tl (1+4tl) tl1 (1+3tl) tl1 (L+2tl) tl1 (1+tl) tl
2 12 12 12 ,O, O}
1+8¢t12 1+8¢t12 1+8t1? 1+8¢t1? 1+8¢t1?

Note that we have avoided typing t1 eight times by using Table [t1, {8}] to generate the eight identical MA
coefficients. To get the correlation function for §# =1 we can simply substitute t1=1 in the above expression
using % /. t1 -> 1.

This gives the correlation function for 6 = 1.

In[27]:= corr = % /. t1 -> 1

8 7 2 5 4 1 2 1
out [27] = {1, — = "0 =y =1 =+ =+ =+ 0, 0}
9 9 3 9 9 3 9 9

To emphasize the discrete nature of the correlation function some people prefer to plot the correlation function
as discrete lines joining the points {i, 0} and {i, p(i)} for i =0, 1, ..., h. It is easy to implement this type of plot in
Mathematica, via ListPlot with a F111ing option.

The function defined above is used to plot the correlation function of the MA(8) model with equal 6 weights.
In[28] := ListPlot[corr, Filling -> Axis, DataRange -> {0, 10}, AxesLabel -> {"k", "p(k)"}]

o (k)
1.0¢

out [28] =
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Example 2.9 The correlation function of a stationary ARMA(p, q) process in general decays
exponentially. Here we plot the correlation function up to lag 10 of the ARMA(2, 2) model
X;—09X;1+03X0=2,+02Z;1 — 1.2 Z;_; using the function plotcorr we defined
earlier. The noise variance o = 1.

This shows the correlation function of the ARMA(2, 2) model.

In[29] := plotcorr[CorrelationFunction[ARMAModel[{0.9, -0.3}, {0.2, -1.2}, 1], 10],
AxesLabel -> {"k", "p(k)"}, Joined -> True]

o (k)

out [29] =

Using CorrelationFunction we can generate the correlation functions of different models; plotting the
correlation functions enables us to develop intuition about different processes. The reader is urged to try a few
examples.

1.2.4 Partial Correlation Functions

In Example 2.1 we calculated the correlation function of an AR(1) process. Although X; depends only on X;_,
the correlations at large lags are, nevertheless, nonzero. This should not be surprising because X;_; depends on
Xi—», and in turn X; ; on X; 3, and so on, leading to an indirect dependence of X; on X, ;. This can also be
understood by inverting the AR polynomial and writing

Xp=(l-¢1 B Z= ) ¢ B Z =) 417,

i=0 i=0

Multiplying both sides of the above equation by X,_; and taking expectations, we see that the right-hand side is
not strictly zero no matter how large k is. In other words, X; and X;_; are correlated for all k. This is true for all
AR(p) and ARMA(p, q) processes with p # 0, and we say that the correlation of an AR or ARMA process has no
"sharp cutoff" beyond which it becomes zero.

However, consider the conditional expectation E(X; X;_, | X;—1) of an AR(1) process, that is, given X; 1, what is
the correlation between X; and X; ,? It is clearly zero since X; = ¢ X;_1 + Z; is not influenced by X;_, given X;_;.
The partial correlation between X; and X;_; is defined as the correlation between the two random variables with
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all variables in the intervening time {X; 1, X; 5, ..., X;_,1} assumed to be fixed. Clearly, for an AR(p) process
the partial correlation so defined is zero at lags greater than the AR order p. This fact is often used in attempts to
identify the order of an AR process. Therefore, we introduce the function

PartialCorrelationFunction [model, h],

which gives the partial correlation ¢;; of the given model for k =1, 2, ..., h. It uses the Levinson-Durbin algo-

rithm, which will be presented briefly in Section 1.6. For details of the algorithm and more about the partial
correlation function, see Brockwell and Davis (1987), pp. 162-164.

Example 2.10 Let us compute the partial correlation function ¢ ; of an AR(2) process up to

lag 4. Note that in contrast to the correlation function the output of PartialCorrelation
Function starts from lag 1, and ¢; 1 = p(1).

This gives the partial correlation function of an AR(2) model up to lag 4.
In[30] := PartialCorrelationFunction[ARModel[{pl, p2}, s], 4]

pl
-1+p2

out [30] = {— , P2, 0, 0}

We observe that for an AR(p) process ¢ = 0 for k > p.

I Example 2.11 Find the partial correlation function of an MA(1) model.

Here the partial correlation function of an MA(1) model up to lag 4 is computed.
In[31]:= PartialCorrelationFunction[MAModel[{t1l}, 1], 4]

3 4

t1 t1? tl t1
OUt[Bl]: { 2 r 2 4 ! 2 4 6 " 2 4 6 8}
1+tl 1+tl° +tl 1+t1°+tl1” +tl 1+t1°+tl  +tl” +tl

The analytic expression for the partial correlation function is ¢y, = —(-6)* (1 - 6?) /(1 - ?**D), and we see that
there is no sharp cutoff in the partial correlation. This property is, in fact, shared by all the MA(g) and ARMA(p,
q) models with g # 0. It can be understood by expanding an invertible MA model as an AR(c) model. X; is
always related to X; ; with the intervening variables fixed for all k. Observe the duality between the AR and
MA models: for an AR(p) model, the partial correlation function ¢ is zero for k > p and the correlation function
does not have a sharp cutoff, whereas for an MA(g) model the correlation function y(k) is zero for k > g and the
partial correlation function has no sharp cutoff.
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Here is the plot of the partial correlation function of the MA(1) model in Example 2.11 with ¢; = 0.8. Since the partial
correlation function starts from lag 1, in contrast to the correlation function we can use ListLinePlot directly.

In[32] := ListLinePlot[PartialCorrelationFunction[MAModel[{0.8}, 1], 20],
AxesLabel -> {"k", "¢, "}, PlotLabel -> "Partial correlation function"]

Partial correlation function
Ok,

out [32] =

XAAAA/I\A/I\A/-\lk

[ ‘ ‘ ‘ ‘ g‘v‘ ‘ ‘ \}\,Q/ 15 20
70.1;

1.2.5 Multivariate ARMA Models

In some cases, at each time ¢, several related quantities are observed and, therefore, we want to study these
quantities simultaneously by grouping them together to form a vector. By so doing we have a vector or multivar-
iate process. It is straightforward to generalize the definition of a univariate ARMA model to the multivariate
case. Let X; = (X1, Xio, ..., Xow) and Z; = (Zy1, Zso, ..., Zt ) be m-dimensional random vectors (here ’ denotes
transpose). A zero-mean, m-variate ARMA(p, g) model is defined by

Xt - (I)l Xt—l - ... = (I)p Xt—p = Zt + @1 Zt—l + ...+ ®11 Zt—q (211)

where the AR and MA coefficients {®;} i=1, 2, ..., p)and {®;}, (i=1, 2, ..., q) are all real m xm matrices and the
zero-mean white noise {Z;} is characterized by a covariance matrix 2. Again, it is useful to define the matrix AR
polynomial ®(x) and the matrix MA polynomial ©(x) by

d)=I1-Qyx—Dyx* — ... — P, 27
and
OX) =1+01x+0yx+... +0,x,

where I denotes the mxm identity matrix. Now (2.11) can be written as ® (B) X; = © (B) Z;, where B is the back-
ward shift operator.
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As in the univariate case, a multivariate ARMA(p, 4) model is represented by the object
ARMAModel [{(1)1, (1)2, oo g (I)p}, {@1 ’ @2, cee g G)q}, Z]

where each parameter matrix must be entered according to Mathematica convention. For example, the AR(1)

model
(th ) B (¢11 ¢12)(Xt11)+(zt1 )
Xi2 1 P2 )\ Xi-12 Zia
with noise covariance X (£;; = 0;;) is represented as

ARModel [{{{¢11, 12}, {d21, 22}, ({011, 012}, {021, 022}}].

The various quantities defined in the univariate case can be extended to the multivariate case. We proceed to do
this and illustrate how they are computed.

Stationarity and Invertibility

The definitions of mean, variance, and covariance, and the stationarity condition can be extended straightfor-
wardly to a multivariate process. Now the mean is a vector and the variance and covariance are matrices. They
are defined as follows:

mean: u(t) = EX;,
variance: X (t) = Var (X;) = EX; — u (£)) (X; — u (t))’, and
covariance: I' (s, ¥) = Cov (Xs, X;) = E(Xs — u (8)) X, — (1))

The stationarity condition for a multivariate ARMA model can be translated into the algebraic condition that all
the roots of the determinantal equation |®(x)| = 0 lie outside the unit circle.

Example 2.12 As an exercise in using Mathematica, we illustrate how to explicitly check if
the bivariate AR(1) model X; — ®; X;_1 = Z,; is stationary where ®; = {{0.6, —0.7}, {1.2, —0.5}}.

We first define the determinant. Here IdentityMatrix [2] generates the 2x2 identity matrix.

In[33]:= eq = Det[IdentityMatrix[2] - {{0.6, -0.7}, {1.2, -0.5}}x];

This solves the equation.
In[34] := Solve [eq == 0, x]

out [34]= {{x—>0.0925926 -1.35767 1}, {x—>0.0925926 +1.35767 1}}



24 Time Series

We now find the absolute values of the roots.
In[35]:= Abs[x /. %]

out [35]= {1.36083, 1.36083}

Since both roots lie outside the unit circle, we conclude that the model is stationary.

In fact, all the Mathematica functions introduced previously for the univariate case have been designed so that
they can be used with appropriate input for multivariate time series as well. Specifically, here we use the func-
tion StationaryQ directly to check the stationarity of the bivariate AR(1) model of Example 2.12.

The model is stationary.

In[36] := StationaryQ[ARModel[{{{0.6, -0.7}, {1.2, -0.5}}}, {{1, 0}, {0, 1}}]]

out [36] = True

Similarly, a multivariate ARMA model is invertible if all the roots of |®(x)| = 0 are outside the unit circle. The
invertibility of a model can be checked using InvertibleQ as in the univariate case.

Example 2.13 Check if the bivariate MA(2) model is invertible where
®; = {{-1.2, 0.5}, {-0.3, 0.87}}, and ®, = {{0.2, 0.76}, {1.1, —0.8}}.

The model is not invertible.

In[37] := InvertibleQ[MAModel [
{{{-1.2, 0.5}, {-0.3, 0.87}}, {{0.2, 0.76}, {1.1, -0.8}}}, {{1, 0}, {0, 1}}1]

out [37] = False

A stationary ARMA model can be expanded as an MA(c) model X; = ij’io ¥, Z,_; with ¥(B) = ®~'(B) @(B); simi-
larly, an invertible ARMA model can be expressed as an AR(co) model Z]?'zo I1; Xt_]- = 7, with I1(B) = ®(B) ®(B).
Again, the function ToARModel [model, p] can be used to obtain the order p truncation of an AR(c0) expansion.
Similarly ToMAModel [model, q] yields the order g truncation of an MA(co) expansion. {¥;} and {TI;} are matrices

and they are determined by equating the coefficients of corresponding powers of B in ®(B)¥(B) = ®(B) and
®(B) = O(B) I1(B), respectively.

| Example 2.14 Expand the following AR(1) model as an approximate MA(3) model.

This expands the given AR(1) as an MA(3) model.

In[38] := ToMAModel [ARModel[{{{0.2, 0}, {-0.1, 0.8}}}, {{1, 0}, {0, 1}}1, 3]

out [38] = MAModel[{{{0.2, 0.}, {-0.1, 0.8}}, {{0.04, 0.}, {-0.1, 0.64}},
{{0.008, 0.}, {-0.084, 0.512}}}, {{1, 0}, {0, 1}}]
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Covariance and Correlation Functions

The matrix covariance function of a stationary multivariate process is defined by

T (k) = E Xpy — 1) X — p1) .

Note that now I['(k) # I (—k); instead we have ['(k) = ['(-k)'. Tt is easy to see that the ith diagonal element of I'(k),
[((k);; = vii(k) = E Xjy; Xyj, is simply the (auto)covariance of the univariate time series {X;;} and
L((k);; = vij(k) = E Xy 4 Xy is the cross-covariance of the series {X;;} and {X;;}. The matrix correlation function
R(k) is defined by

R = pi0) = 7550 [ [ 7:40)7,0) -

Note that unlike the univariate case, we cannot simply divide I'(k) by T'(0) to get the correlation function.

We can get the covariance or correlation function of a multivariate ARMA model up to lag h simply by using
CovarianceFunction [model, h] or CorrelationFunction [model, h]; the output consists of a list of
matrices {I'(0), I'(1), ... T(h)} or {R(0), R(D), ..., R(h)}.

| Example 2.15 Find the covariance function of a bivariate MA(1) model up to lag 3.

This gives the covariance function of a bivariate MA(1) model up to lag 3.
In[39] := cov = CovarianceFunction[MAModel[{{{tl, t2}, {t3, t4}}}, IdentityMatrix[2]], 3]

out[397= {{{1+t1?+t2? t1e3+t2ta}, {t1e3+t2t4s, 1+t3%+ta’}},
{{t1, t2}, {t3, t4}}, {{0, 0}, {0, O}}, {{0, 0}, {0, 0}}}

These are covariance matrices {I'(0), I'(1), ['(2), I'(3)} and they can be put into a more readable form using Table:
Form.

The covariance function is displayed in a table form.
In[40] := TableForm[Transpose[{Table[gamma[i], {i, 0, 3}], cov}]]

out [40] //TableForm=
1+t1%+t2% tlt3+t2t4d

amma [ 0
g Ll tlt3+t2t4 1+t3°%+t4”
£l t2
gamma [1] £3 ta
gamma [ 2 ] 8 8
0 0
gamma [ 3] 0 0

Again, the covariance function vanishes for lags greater than g (=1 in this case).
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Often we want to get the cross-covariance or cross-correlation of two processes i and j by extracting the (i, j)
element of each matrix in the output of CovarianceFunction or CorrelationFunction, respectively.
Whenever we want to do the same operation on each entry of a list, we can use the Mathematica function Map.
For example, to get the cross-covariance function of processes 1 and 2, y1,(k), for k = 0 in the above bivariate
MA(1) model, we can do the following.

We extract the cross-covariance function using Map.

In[41]:= cov[[All, 1, 2]]
Oout[41]= {tlt3 +t2t4, t2, 0, 0}

Similarly, we can get the autocovariance of process 2 of the bivariate MA model in Example 2.15 by extracting
the (2, 2) element of each covariance matrix.

We use Map again to extract the covariance function of process 2.

In[42] := cov[[All, 2, 2]]

out[42]= {1+t3%+t4?, t4, 0, 0}

| Example 2.16 Compute the cross-correlation of a bivariate ARMA(1, 1) process and plot it.

The correlation function of the given ARMA(1, 1) process is computed. Recall that the semicolon is used at the end of an
expression to suppress the display of the output.

In[43] := corr = CorrelationFunction[ARMAModel[{{{0.5, -0.9}, {1.1, -0.7}}},
{{{0'41 _0'8]’1 {1-11 _0'3}}}1 {{l, 0-5]’1 {0-51 1-2}}]1 20];

Notice that AR and MA parameter matrices are enclosed in separate lists and the noise variance is a symmetric
positive-definite matrix. First we extract the cross-correlation y1,(k) and then plot it.

This extracts the cross-correlation function.
In[44]:= %[[All, 1, 2]]

out [44]= {0.573964, -0.792494, -0.27461, 0.562118, 0.0633266, -0.372421, 0.0339551, 0.231558,
-0.0680429, -0.134589, 0.0704652, 0.0720437, -0.0595065, -0.0342067, 0.0449255,
0.0129072, -0.0313338, -0.00199385, 0.0204524, -0.00281441, -0.0125266}
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Here is the cross-correlation plot. The option P1otRange is set to A11 to prevent the truncation of any large values in the
plot.

In[45] := plotcorr[%, Joined -> True, PlotRange -> All, AxesLabel -> {"k", "R(k)i1,2"}]

R(k)1,2
0.6

Out [45] = 5 10 15 20
-0.2
-0.
-0.6

-0.8

o
N

IS

In contrast to autocorrelation, the cross-correlation at lag 0 is, in general, not equal to 1. Note that we have
plotted the cross-correlation only for k = 0. Here we demonstrate how to plot the cross-correlation function from
lags —h to h. First we must obtain {y12(=h), yi2(=h +1), ..., ¥12(0), ¥12(1), ..., y12(h)}. This can be accomplished
using the fact that y12(=k) = y21(k).

This gives the cross-correlations from lag —20 to lag 20. Drop [list, n] gives list with its first 71 elements dropped and
Drop [list, -n] gives list with its last 11 elements dropped.

In[46] := gammal2 = Join[Reverse[corr[[All, 2, 1]]], Drop[corr[[All, 1, 2]], 11]:
Using gammal2 as an example, it is convenient to define a function, say, plotmulticorr, to plot multivariate

correlations. The argument should include the multivariate correlation function and i and j indicating which
cross-correlation or autocorrelation is to be plotted.

This defines the function plotmulticorr.

In[47] := Plotmulticorr[corr , i_, j_, opts_ __] :=
ListPlot[Join[Reverse[corr[[All, j, i]]], Drop[corr[[All, i, 711, 111,
DataRange -> ({-1, 1} (Length[corr] - 1)), opts]

Now we can plot the cross-correlation function of the above example using plotmulticorr.
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This plots the same cross-correlation function but now from lag —20 to 20. Note that it is not symmetric about the origin.

In[48] := plotmulticorr[corr, 1, 2, Joined -> True,
PlotRange -> All, AxesLabel -> {"k", "R(k)i,2"}]

-20 20

04
/\02 A
Out [48]= L~y U ‘VA‘ P Y | B N/ k
N NE

T

|

o

o IS
T

T

-0.8

We can also plot the correlation of series 1 of the bivariate ARMAC(1, 1) process of Example 2.16 for lags from
—-20 to 20 using plotmulticorr.

This plots the correlation function of series 1. In contrast to the plot of the cross-correlation function, the graph is, of course,
symmetric.

In[49] := plotmulticorr[corr, 1, 1, Joined -> True,
PlotRange -> All, AxesLabel -> {"k", "R(k)i,1"}]

out [49] =
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Partial Correlation Function

The direct extension of the partial correlation function to the multivariate case leads to what is often called
partial autoregressive matrices. The partial autoregressive matrix at lag k is the solution @ to the Yule-Walker

equations of order k. (See Section 1.6 for a description of Yule-Walker equations and the Levinson-Durbin
algorithm.) However, here we will refer to them as the partial correlation function and use PartialCorrela-
tionFunction [model, h] to obtain these matrices up to lag h, but bear in mind that some authors define
partial correlation function for a multivariate process differently, for example, Granger and Newbold (1986), p.
246.

Example 2.17 Find the partial correlation function (partial autoregressive matrices) of an
AR(2) model.

This gives the partial correlation function of an AR(2) model.

In[50] := PartialCorrelationFunction|[
ARModel[{{{0.4, -0.6}, {0.5, 0.2}}, {{0.6, 0.4}, {0.2, -0.6}}},
{{1, -0.2}, {-0.2, 0.8}}1, 3]

out[50]= {{{0.724501, -0.152084}, {0.660539, 0.143961}},
{{0.6, 0.4}, {0.2, -0.6}}, {{0, 0}, {0, O}}}

Note again that the partial correlation function vanishes for lags greater than p.
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In this section we first introduce a special class of nonstationary ARMA processes called the autoregressive
integrated moving average (ARIMA) process. Then we define seasonal ARIMA (SARIMA) processes. After present-
ing the objects that define these processes we proceed to illustrate how the various functions introduced in
Section 1.2 in the context of ARMA models can be applied directly to ARIMA and SARIMA models. The func-
tion that converts them to ARMA models is also introduced.

1.3.1 ARIMA Process

When the ARMA model ¢(B) X; = 6(B) Z; is not stationary, the equation ¢(x) = 0 (or |®(x)| = 0 in the multivariate
case) will have at least one root inside or on the unit circle. In this case, the methods of analyzing stationary time
series cannot be used directly. However, the stationary ARMA models introduced in Section 1.2 can be general-
ized to incorporate a special class of nonstationary time series models. This class of models is characterized by
all the zeros of the AR polynomial being outside the unit circle with the exception of d of them which are 1. In
other words, this class of nonstationary models is defined by

(1-B) ¢(B) X; = 6(B) Zy, 3.1)

where 4 is a non-negative integer, ¢(x) and 6(x) are polynomials of degrees p and g, respectively, and all the
roots of ¢(x) = 0 are outside the unit circle. Equation (3.1) defines an autoregressive integrated moving average
process of orders p, d, g, or simply, ARIMA(p, d, ).

Using the definition of the backward shift operator B, we have (1 - B) X; = X; — X;_;. This operation is for obvi-
ous reasons called differencing the time series. (We use (1 - BPX;=(1-B)(X; = X;-1) = X; -2 X1 + X;_p to
difference the time series twice.) Equation (3.1) says that if {X;} is nonstationary and satisfies (3.1), then after
differencing the time series d times the differenced series {Y;} (Y;=(1 - By X;) is stationary and satisfies
#(B)Y; = 0(B) Z;, that is, an ARMA(p, q) process. Note that we can view {Y;} as a filtered version of {X;} (see
Section 1.4.3).

Therefore, any ARIMA(p, d, q) series can be transformed into an ARMA(p, g) series by differencing it d times
and, thus, the analysis of an ARIMA process does not pose any special difficulty as long as we know the num-
ber of times to difference (i.e., d) the series. We will see in Section 1.4.3 how the differencing is done in practice.

An ARIMA(p, d, q) model is represented by the object
ARIMAModel [d, {$1, ¢o, ... , dp}, {61, 62, ..., 6}, 0°).

An ARIMA(p, 0, ) process is simply an ARMA(p, q) process.
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1.3.2 Seasonal ARIMA Process

Sometimes there can be seasonal or cyclic components in a time series. By this we mean the recurrence of some
recognizable pattern after some regular interval that we call the seasonal period and denote by s. For example, in
the monthly data of international airline passengers there is clearly a recurring pattern with a seasonal period of
12.

A pure seasonal model is characterized by nonzero correlations only at lags that are multiples of the seasonal
period s. This means that the time series at time ¢, X;, depends on X;_;, X;_»5, Xt-35, ... only. In general, we can
define a pure seasonal ARMA model of orders P and Q and of seasonal period s by

Xt - q)l Xt—s - (I)z Xt—ZS e T q)p Xt—PS = Zt + @1 Zt—s + ...+ @Q Zt—QS' (32)

If we define the seasonal AR polynomial ®(x°) as

D) =1-P x5 — Dy — ... —Dpa’®

and the seasonal MA polynomial ®(x°) as

O() =1+01x° + @ x”° + ... +05x7,

(3.2) can be rendered more compactly using the backward shift operator B as

(I)(BS) Xt = @(Bs) Zt-

(Note that although we use the same notation ® and © for seasonal model parameters as for multivariate ARMA
model parameters, their meaning should be clear from the context.)

The pure seasonal models defined by (3.2) are often not very realistic since they are completely decoupled from
each other. That is, (3.2) represents s identical but separate models for X;, X;1, ... , X¢15-1. In reality, of course,
few time series are purely seasonal and we need to take into account the interactions or correlations between the
time series values within each period. This can be done by combining the seasonal and regular effects into a
single model. A multiplicative seasonal ARMA model of seasonal period s and of seasonal orders P and Q and
regular orders p and g is defined by

¢(B) ®(B°) X; = 6(B) O(B*) Z;. (3.3)
Here ¢(x) and 60(x) are regular AR and MA polynomials defined in (2.4) and (2.5).

To generalize the model defined by (3.3) to include nonstationary cases we define the seasonal difference to be
(1 -B%) X; = X; — X—s. A multiplicative seasonal autoregressive integrated moving average (SARIMA) process of period
s, with regular and seasonal AR orders p and P, regular and seasonal MA orders q and Q, and regular and
seasonal differences d and D is defined by

(1 - BY (1 - B5" ¢(B) ®(B*) X; = 6(B) O(B°) Z;. (3.4)

We will use SARIMA(p, d, q)(P, D, Q) to refer to the model defined by (3.4). In typical applications, D = 1 and P
and Q are small.
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A SARIMA(p, d, q)(P, D, Q)s model is represented by the object

SARIMAModel [{d, D}, s, ($1, . , @), (®1, o, Dy}, (61, ..., 6},

{01, ..., Og},0?].

Note that a pure seasonal model (3.2) and a seasonal ARMA model (3.3) are special cases of the SARIMA
model, and we do not use different objects to represent them separately. If a particular order is zero, for exam-
ple, p =0, the parameter list {¢1, ey, ¢,,} is {} or {0}. For example, ARMAModel [{},{#}, 1] is the same as

ARMAModel [{0}, {6}, 1] and as MAModel [{6}, 1].

Any SARIMA process can be thought of as a particular case of a general ARMA process. This is because we can
expand the polynomials on both sides of (3.4) and obtain an ARMA(p + Ps+d+sD, g+5Q) model whose
ARMA coefficients satisfy certain relationships. Similarly, an ARIMA model defined in (3.1) is a special case of
the ARMA(p +d, q) model. If we wish to expand a SARIMA or an ARIMA model as an equivalent ARMA

model, we can invoke the function

ToARMAModel [model] .

Example 3.1 Convert the ARIMA(1, 3, 2) model (1 - B (1 - ¢1B)X; = (1 +0;B+6, Bz) Z;
to the equivalent ARMA(4, 2) model.

We load the package.

In[1] := Needs["TimeSeries TimeSeries "]

This converts the given ARIMA model to the equivalent ARMA model.

In[2] := TOARMAModel [ARIMAModel[3, {¢1}, {61, 62}, o?]]

out [2]= ARMAModel[{3 +¢1, -3-3¢1, 1+3¢1, -d1}, {61, 62}, 0%]

Example 3.2 Convert the SARIMAC(1, 2, 1)(1, 0, 1)3 model
(1-B?(1-¢,B) (1-@ B%) X; = (1+6; B)(1+©; B?) Z, to the equivalent ARMA model.

This converts the SARIMA model to the equivalent ARMA model.

Tn[3]:= TOARMAModel [SARIMAModel[{2, 0}, 3, {é1}, {&}, {61}, {€1}, o?]]

Out [3] = ARMAMOdel[{2+¢1/ “1-2¢1, ¢1+21, 221 -1 81, P1+2¢1 21, -1 @1}, {61, 0, O1, O1 01}, 02]

This is an ARMA(6, 4) model. In contrast to an arbitrary ARMA(6, 4) model, this model has only four indepen-
dent ARMA parameters.

The functions introduced earlier for ARMA models are applicable to ARIMA and SARIMA models as well.
These functions convert the ARIMA and SARIMA models to ARMA models internally and then compute the
desired quantities. In the following we provide a few illustrative examples of the usage.

I Example 3.3 Check if the SARIMA(0, 0, 1)(0, 1, 2), model
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| (1-B%)X,=(1-05B)(1-05B%+0.9B*) Z is invertible.

This SARIMA model is invertible.

In[4]:= InvertibleQ[SARIMAModel[{0, 1}, 2, {0}, {0}, {-0.5}, {-0.5, 0.9}, 1]]

out [4]= True

| Example 3.4 Expand the above SARIMA model as an approximate AR(7) model.

This expands the SARIMA model as an AR(7) model.

In[5]:= ToARModel [SARIMAModel[{0, 1}, 2, {0}, {0}, {-0.5}, {-0.5, 0.9}, 1], 7]

out [5]= ARModel[{-0.5, 0.25, 0.125, 1.2125, 0.60625, 0.428125, 0.214063}, 1]

Since the covariance or correlation function is defined only for stationary models, any attempt to calculate the
covariance or correlation function of a SARIMA or an ARIMA model with d # 0 or D # 0 will fail.

The model is nonstationary and no correlation is calculated.

In[6] := CorrelationFunction[SARIMAModel[{O, 1}, 12, {0}, {0.5}, {0.8}, {0}, 1], 5]

CovarianceFunction: :nonst :
The model SARIMAModel[{O, 1}, 12, {0}, {0.5}, {0.8}, {0}, 1] is not stationary.

out [6]= CorrelationFunction[SARIMAModel[{0O, 1}, 12, {0}, {0.5}, {0.8}, {0}, 1], 5]

Example 3.5 Find the covariance function of a pure seasonal model
(1-® B%)X; = (1+0,B%)Z.

This is the covariance function of a pure seasonal model.

In[7] := CovarianceFunction[SARIMAModel[{0, 0}, 3, {}, {21}, {}, {©:1}, 02], 7]

0? (1+67+20, )

out [7] = {— , 0,0,
—l+§§
02 (@1+®§¢1+®1 (1+@§)) 02 @1 (21 +6] By +0; (1+@§))
- ’ Ol 0/ - 7 O}
—1+§§ —l+@i

As expected, the covariance function of a pure seasonal model is nonzero only at lags that are multiples of the
seasonal period s. The values of the covariance function at lags 0, s, 2, ... are the same as those of a regular
ARMA(P, Q) model with the same parameters. In fact, the two models are identical if we rescale time by a factor
s in the pure seasonal model. In our current example, the values of the covariance function at lags 0, 3, 6, ... are
the same as those atlags 0, 1, 2, ... of the regular ARMAC(1, 1) model (1 - ®; B) X; = (1 + ©, B) Z;.
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This is the covariance function of the regular ARMA(1, 1) model. Compare it with the previous expression.
In[8] := CovarianceFunction [ARMAModel [ {&:}, {61}, 02] , 2]

o? (1+®§+2®1§1) o? (§1+®§§1+®1 (1+§i)) 0% &, (§1+®i§1+®1 (1+¢€)>

out 161~ {- o : - : }
-1+ @7 -1+ 37 -1+ @7

Since a SARIMA(p, 0, q)(P, 0, Q)s model is an ARMA(p + s P, g+ s Q) model, all the properties of the correlation
and partial correlation functions we discussed in Sections 1.2.3 and 1.2.4 remain true. For example, the partial
correlation function, ¢, of a SARIMA(p, 0, 0)(P, 0, 0)s model vanishes for k > p + s P, and the correlation func-

tion, p(k), of a SARIMA(Q, 0, 4)(0, 0, Q); model vanishes for k > g + s Q. However, in some special cases we can
say more about the correlation function of a seasonal ARMA model due to the relationships that exist between

the coefficients. For example, the (g + s Q)th degree polynomial 6(B) ®(B°) can be expanded as

6(B) ©(B°) = 6(B) + ©; B §(B) + ®, B2° 4(B) + ... +©, B* 4(B).

It is clear from the above expression that if s > g + 1 there are "gaps" in the above polynomial, that is, terms from
BT to B!, from B**1*! to B257!, ... are absent. Now consider a seasonal ARMA model with p = P = 0. The

covariance function is given by

y(k) = E(6(B) ©(B*) Z; 6(B) O(B*) Z;_y). (3.5)

If these "gaps" are large enough, for some values of k the covariance function y(k) vanishes simply because there
is no overlap between the polynomials on the right-hand side of (3.5). In fact, if the "gap" (s-1)-(g+ 1) +1is
larger than q or s =2(q+1), we have y(k)=0 for g<k<s—-g,s+q<k<2s-q, ... ,(Q-Ds+g<k<Qs—g,
and, of course, we always have y(k) =0 fork >sQ +g4.

It is also easy to show from (3.5) that as long as "gaps" exist (i.e., s > g + 1) in the expansion of the MA polynomi-
als, the covariance function is symmetric about the lags that are multiples of the seasonal period. In other
words, y(s —i) = y(s +1), y2s—i) =y2s+i),... fori=1,2, ..., 4.

Example 3.6 Find the correlation function of the SARIMA(O, 0, 1)(0, 0, 2), model with
91 = 09, @1 = 06, and @2 =0.5.

Sincep=P=0ands=6=2(q+1) =4, we expect the correlation function has the properties described above.

This calculates the correlation function up to lag 20 from the SARIMA model.

In[9] := corr = CorrelationFunction[SARIMAModel[{O, 0}, 6, {}, {}, {0.9}, {0.6, 0.5}, 1], 20]

out[9]= {1., 0.497238, 0., 0., 0., 0.277959, 0.559006, 0.277959, 0.,
0., 0., 0.154422, 0.310559, 0.154422, 0., 0., 0., 0., O., 0., 0.}

We observe that (a) p(k)=0 for k>sQ+qg=13, (b) pk)=0 for g=1<k<5=s5-4g and
s+q=7<k<11=2s5-g;and (c) y(5) = y(7), y(11) = y(13). We plot this correlation function.
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Here is the plot of the correlation function.
In[10] := ListPlot[corr, Filling -> Axis, PlotRange -> All, AxesLabel -> {"k", "p(k)"}]

o (k)

1.0 e

out [10]=

5 10 15 20

The symmetry of the correlation y(k) about the lags that are multiples of the seasonal period s leads directly to
the conclusion that at lags ks (k integer) the correlations are in general symmetric local extrema. This is seen
clearly in the above graph.

The properties derived above for the correlation function of seasonal ARMA models with p = P =0 will not
hold for general seasonal ARMA models. However, for some low-order seasonal models, which are often what
we encounter in practice, the correlations at lags that are multiples of the seasonal period tend to be local
extrema as shown in the following example. It is helpful to keep this in mind when identifying a seasonal model
although fluctuations often wash out all but the very pronounced local extrema in practice. (See Section 1.5 on
model identification.)
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Example 3.7 Find the correlation function of the SARIMA(1, 0, 0)(1, 0, 1)1, model with
¢1 = 06, (I)l = —0.6, and @1 =-0.8.

This is the plot of the correlation function.

In[11] := ListPlot[
CorrelationFunction[SARIMAModel[{O0, 0}, 12, {0.6}, {-0.6}, {}, {-0.8}, 1], 40],
Filling -> Axis, PlotRange -> All, AxesLabel -> {"k", "p(k)"}]

o (k)
1.0
L]
0.5 .
L]
[ L] L]
out [11]= r * . .
- .. .. ..
-. 1 ..h '-;‘ 1 k
«10 «® 20 30 © . 44
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-0.5F ¢ |
.

The calculation of the partial correlation function of a SARIMA model proceeds as in the case of an ARMA
model. Again for g = Q = 0, the partial correlation function ¢; , = 0 fork > p +sP.

| Example 3.8 Find the partial correlation function of a SARIMA model.

This is the plot of the partial correlation function of a SARIMA model.

In[12] := ListLinePlot[
PartialCorrelationFunction [SARIMAModel[{0, 0}, 6, {}, {0.5}, {0.5}, {-1.2}, 11,
20], AxesLabel -> {"k", "¢y "}]

Dx, x

out[12]=
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Multivariate ARIMA and SARIMA models are again defined by (3.1) and (3.4), respectively, with ¢(B), ®(B°),
6(B), and O(B°) being matrix polynomials. All the functions illustrated above can be used for multivariate mod-
els; however, we will not demonstrate them here.



1.4 Preparing Data for Modeling

In Sections 1.2 and 1.3 we introduced some commonly used stochastic time series models. In this section we
turn our attention to actual time series data. These data can be obtained from real experiments or observations
over time or generated from numerical simulations of specified time series models. We consider these data to be
particular realizations of stochastic processes. Although we call both the stochastic process and its realization
time series, we distinguish between them by using lower-case letters to denote the actual data and the corre-
sponding upper-case letters to denote the random variables.

Several ways of transforming the raw data into a form suitable for modeling are presented in this section. These
transformations include linear filtering, simple exponential smoothing, differencing, moving average, and the
Box-Cox transformation. We demonstrate how to generate normally distributed random sequences and time
series from specified models and also show how to read in data from a file and plot them.

1.4.1 Plotting the Data

The first thing to do in analyzing time series data is to plot them since visual inspection of the graph can pro-
vide the first clues to the nature of the series: we can "spot" trends, seasonality, and nonstationary effects. Often
the data are stored in a file and we need to read in the data from the file and put them in the appropriate format
for plotting using Mathematica. We provide several examples below.

Example 4.1 As an illustrative example of how to read in data from a file, let us suppose
that we have a file called filel.dat in the directory TimeSeries/Data. (Note that
specification of files and directories depends on the system being used.) The file consists of
two columns of numbers. The numbers in the first column are the times when the
observations were made and those in the second column are the outcomes of observations,
that is, the time series. We can look at the contents of filel.dat using FilePrint.

We load the package first.

In[1] := Needs["TimeSeries TimeSeries ™ "]
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This displays the contents of the file filel.dat in the directory TimeSeries/Data.

In[2] := FilePrint[ToFileName[ {"TimeSeries", "Data"}, "filel.dat"]]

0.5 0.091
1. 0.595
1.5 0.572
2. 0.291
2.5 0.865
3. 0.623
3.5 0.412
4. 0.934
4.5 0.657
5. 0.723

We use the ReadList command to read in these numbers and put them in a list.

We read in the time series data from the file filel.dat. The specification {Number, Number} in ReadList makes each
entry in the list a list of two numbers {¢, x;}.

In[3]:= datal = ReadList[ToFileName[ {"TimeSeries", "Data"}, "filel.dat"], {Number, Number}]

out[3]= {{0.5, 0.091}, {1., 0.595}, {1.5, 0.572}, {2., 0.291}, {2.5, 0.865},
(3., 0.623}, {3.5, 0.412}, {4., 0.934}, {4.5, 0.657}, {5., 0.723}}

Now datal defined above is in the right format for ListLinePlot.
We plot the data using ListLinePlot.

In[4] := ListLinePlot[datal, AxesLabel -> {"t", "x."}]

Xt

out [4] = r

We can check if the data were in fact taken at equally spaced intervals by doing the following. First extract the
time coordinates.

The time coordinates are the first element of each data point.

In[5] := tcoord = datal[[All, 1]]

out[s5]= {0.5,1.,1.5,2.,2.5,3.,3.5, 4., 4.5, 5.}
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Now take the differences of adjacent time coordinates and see if they give the same number.

The differences are the same.

In[6] := Union[Drop[tcoord, 1] - Drop[tcoord, -1]]

out[6]= {0.5}

So we see that in this case the data were indeed taken at constant time intervals. Since we have assumed all
along that the data are taken at equally spaced time intervals, it is often convenient to drop the time coordinate
and consider just the time series. All time series data to be input to time series functions should be in the form
{x1, X2, ..., x,} where x; is a number for a scalar time series and a list, x; = {x;q, X;5, ..., X;,,}, for an m-variate time

series.

We can cast the above data in the form appropriate for input to time series functions by taking the second (i.e.,
the last) entry from each data point.

This extracts the time series.

In[7] := data = datal[[All, 2]]

out[7]= {0.091, 0.595, 0.572, 0.291, 0.865, 0.623, 0.412, 0.934, 0.657, 0.723}

Now the data are in the right form to be used in time series functions.

If we plot the above data using ListLinePlot we will get the same plot as before except (a) the origin of time
will have been shifted and (b) it will be in different time units with the first entry in data corresponding to time
1, and the second to time 2, and so on.

Here is the time plot for the same series.
In[8] := ListLinePlot[data, AxesLabel -> {"t", "x."}]
Xt
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Example 4.2 Often the time series data are stored in a file without the time coordinates, as
in the case of the lynx data in the file 1ynx. dat in the directory TimeSeries/Data. The
file contains a series of numbers separated by blanks.
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This reads in the contents of the file 1ynx. dat in the directory TimeSeries/Data.

In[9] := lynxdata = ReadList[ToFileName[{"TimeSeries", "Data"}, "lynx.dat"], Number];

It is convenient to use the Mathematica function Short to find out if the data are in the appropriate format
without printing out all the numbers.

This gives the short form of 1lynxdata.
In[10] := Short[lynxdata, 4]

out [10] //Short=
{269, 321, 585, 871, 1475, 2821, 3928, 5943, 4950, 2577,
523, 98, 184, 279, 409, 2285, 2685, <«<80>, 81, 80, 108, 229, 399,
1132, 2432, 3574, 2935, 1537, 529, 485, 662, 1000, 1590, 2657, 3396}

We can plot lynxdata directly using ListLinePlot as we have demonstrated in the previous plot. On the
other hand, if we want the time plot to show the real times at which the data were taken, we can reverse the
above procedure of transforming datal to data. Suppose the data were taken from time #; to t, in intervals of
At, Range [t, t,, deltat] will generate a list of all the times at which data were taken. If At is omitted the
default value of 1 is assumed. In our lynx example, the data were taken annually from the year 1821 to the year
1934.

This combines the time series with the time coordinates.

In[11] := datal = Transpose[{Range[1821, 1934], lynxdata}];

We use short to display datal.
In[12] := Short[datal, 4]

out [12]//Short=
({1821, 269}, {1822, 321}, {1823, 585}, {1824, 871}, {1825, 1475}, {1826, 2821}, <<102>>,
{1929, 485}, {1930, 662}, {1931, 1000}, {1932, 1590}, {1933, 2657}, {1934, 3396}}

Now if we plot datal using ListLinePlot the horizontal axis corresponds to the "real" time.
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Here is the time plot of the lynx data.
In[13] := ListLinePlot[datal, AxesLabel -> {"year", "trappings"}]
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out [13] = r
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Example 4.3 The file file2.dat has a set of bivariate data with column 1 containing
series 1 and column 2 containing series 2, separated by commas. Again we employ Read-
List to read the data.

We read in the data from file2.dat.
In[14] := datal = ReadList[ToFileName[{"TimeSeries", "Data"}, "file2.dat"],

Number, RecordSeparators -> {","}];

We have used the option RecordSeparators -> ", " because of the presence of commas between the num-
bers. To convert datal, which is now a long list of numbers, into the correct time series data format we put
every pair of numbers into a list using Partition.

We use Partition to put the data in the right form for a multivariate series.

In[15] := data = Partition[datal, 2];

Here are a few elements of data.

In[16] := Take[data, 5]

out[16]= {{0.830546, 1.66549}, {-0.353715, 3.68722},
{-0.63938, 6.08595}, {-2.31622, 8.87918}, {-4.08102, 8.14158}}

We see that data is a bivariate time series of length 100. Again it is in the correct format of the form
{x1, X2, ..., x,} with the it entry x; being a list of length 2.

To extract the i time series from multivariate data we can use data [ [A11,1i]]. Here are the plots of the two
series of the bivariate series data.
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This is the time plot of series 1 of the bivariate series in file2.dat.

In[17] := ListLinePlot[data[[All, 1]], AxesLabel -> {"t", "x;."}]
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Out [17]=
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This is the time plot of series 2 of the bivariate series in file2.dat.

X1t

o

In[18] := ListLinePlot[data[[All, 2]], AxesLabel -> {"t", "x;."}]
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1.4.2 Generating Time Series

Sometimes we may need to generate a time series {xj, x3, ..., X,,} from a given process in order to explore it
theoretically or gain intuition about it. The simplest time series is a sequence of independently and identically
distributed (IID) random numbers. We can use the function

RandomSequence [u, 0%, 1]

to generate a sequence of n random numbers distributed according to the normal distribution with mean y and

variance o2.

Example 4.4 Generate a random sequence of length 6 distributed according to the normal
distribution with mean u = 0 and variance o = 1 (i.e., N(0, 1)).
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This generates a random sequence of length 6.

In[19] := RandomSequence[0, 1, 6]
out[19]= {-1.85264, -1.81359, -0.922332, 0.963026, 1.80357, -0.06322}

It is usually a good idea to seed the random number generator using SeedRandom [seed] before generating any
random numbers so the calculation can be repeated if necessary.

Example 4.5 Generate a tri-variate random sequence of length 5 distributed normally with
mean u = {0, 1, 0.5} and the covariance matrix X = {{1, 0.5, 0}, {0.5, 1.2, 0.8}, {0, 0.8, 1.5}}.

The random number generator is seeded first.

In[20] := SeedRandom[294 587]

This generates the random sequence.

In[21] := RandomSequence[{O0, 1, 0.5}, {{1, 0.5, 0}, {0.5, 1.2, 0.8}, {0, 0.8, 1.5}}, 5]

out[21]= {{0.811364, 3.09889, 1.91463},
{-0.838268, 2.18402, 2.44013}, {0.0939811, -0.127805, -1.28733},
{0.0562101, 1.40061, 2.57561}, {-0.534473, —-0.45115, —0.812483}}

Note that we have used SeedRandom so the above series can be reproduced if so desired. We reiterate that the
covariance matrix must be a symmetric, positive definite matrix. Otherwise no random numbers will be gener-
ated.

No random numbers are generated when the covariance matrix is not symmetric or positive definite.

In[22] := RandomSequence[{0, 0}, {{0.5, 0.2}, {0.3, 1}}, 5]
RandomSequence: : symm : Covariance matrix {{0.5, 0.2}, {0.3, 1}} is not symmetric.

out [22] = RandomSequence[{0, 0}, {{0.5, 0.2}, {0.3, 1}}, 5]

Internally, RandomSequence uses RandomReal to generate a univariate random sequence of length n. The
current default random number generator is used. Sequences generated prior to Version 6.0 of Mathematica can
be obtained by using the legacy generator via SeedRandom[Method->"Legacy"] or SeedRandom [seed,
Method->"Legacy"].

We can similarly generate univariate random sequences according to the distributions of our choice. Please
consult the Mathematica documentation for distributions included with Mathematica.

To generate a time series of length 7, {x1, x, ..., x,}, according to one of the models defined in earlier sections,
we can use the function

TimeSeries [model, n].

It generates the series by iterating

Xt =¢1 Xi-1+ ... +¢pxt_p+zt+01 Zi-1 + ... "r‘qut_q.
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The noise {z;} is generated from the normal distribution with zero mean and variance or covariance specified in
model. For models with p # 0, p random numbers from the same distribution as the noise are used as the initial
values {x_p.1, X_ps2, ..., Xo}. We can also generate time series with specified initial values of the series using

TimeSeries [model, n, {x_pi1, X_psy2, ..., Xo}]
and with a specified noise sequence {z_4:1, z_g42, ..., Z,} using
TimeSeries [model, {z g1, Zgi2, - - -/ Zn}s Xpi1, Xpr2s -+ - Xo}].

Note that both the p initial values and the noise sequence are enclosed in lists. For an m-variate series each x; or
z; is a list of m numbers.

Like RandomSequence, TimeSeries uses the current default random number generator. Series generated
prior to Version 6.0 of Mathematica can be obtained by using the legacy generator via SeedRandom [Method-
>"Legacy"] or SeedRandom [seed, Method->"Legacy"].

Example 4.6 Generate a time series of length 10 according to the ARIMA(2, 1, 1) model
(1-B)(1-0.5B+0.8B%) X; = (1 - 0.5 B) Z; where the noise variance is 1.2.

The random number generator is seeded first.

In[23] := SeedRandom[93 846]

This generates the time series of length 10 from the given ARIMA(2, 1, 1) model.
In[24] := TimeSeries[ARIMAModel[l, {0.5, -0.8}, {-0.5}, 1.2], 10]
out[24]= {7.42594, 9.02073, 5.46151, 0.68873,

3.07068, 7.17666, 6.36394, 3.06564, 3.01135, 5.1414}

We can also generate a time series with a specified noise sequence.

Here we generate a random sequence of length 9 distributed uniformly on the interval [-1, 1].

In[25] := (SeedRandom[2847];
RandomReal[{-1, 1}, 9])

out [25]= {0.5414, -0.272838, -0.673503, 0.306298,
0.383461, -0.765174, 0.457336, -0.0909457, -0.59793}

This generates a time series with the noise sequence generated above. Note that here the noise variance can be omitted in
the argument of the model object.

In[26] := TimeSeries[ARMAModel[{0.2, -0.5}, {0.7}], %, {0.5, -0.3}]

out [26]= {-0.203858, -0.755261, -0.214277, 0.932645, -0.203083, -0.585225, 0.213686, -0.326243}

Example 4.7 Generate a bivariate AR(1) series of length 6 with ®; = {{0.3, —0.4}, {0.2, 1.2}},
noise covariance X = {{0.5, 0.2}, {0.2, 1}}, and initial value xy = {0.5, —0.1}.
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The random number generator is seeded first.

In[27] := SeedRandom[3857]

We generate the required bivariate AR(1) time series of length 6. Note that the initial value x( is enclosed in a list.

In[28] := TimeSeries]|[
ARModel[{{{0.3, -0.4}, {0.2, 1.2}}}, {{0.5, 0.2}, {0.2, 1}}]1, 6, {{0.5, -0.1}}]

out [28]= {{0.546434, -0.217747}, {-0.161597, 0.188712}, {0.248326, —-0.319944},
{0.0985543, 0.0741225}, {0.718557, 1.49708}, {0.171007, 2.33348}}

1.4.3 Transformation of Data

In order to fit a time series model to data, we often need to first transform the data to render them "well-
behaved". By this we mean that the transformed data can be modeled by a zero-mean, stationary ARMA type of
process. We can usually decide if a particular time series is stationary by looking at its time plot. Intuitively, a
time series "looks" stationary if the time plot of the series appears "similar" at different points along the time
axis. Any nonconstant mean or variability should be removed before modeling. In this section we introduce a
variety of methods of transforming the data.

| Example 4.8 The time plot of the data contained in the file file3.dat is shown below.

This reads in the data.

In[29] := data = ReadList[ToFileName[{"TimeSeries", "Data"}, "file3.dat"], Number];

Here is the time plot of data.
In[30] := plotl = ListLinePlot[data, AxesLabel -> {"t", "x."}]

Xt
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out [30] =

It is clear from the time plot that the series is not stationary since the graph shows a tendency to increase with ¢,
signaling a possible nonconstant mean pu(t). A nonconstant mean u(t) is often referred to as a trend. A trend of a
time series can be thought of as an underlying deterministic component that changes relatively slowly with
time; the time series itself can be viewed as fluctuations superimposed on top of this deterministic trend. Estimat-
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ing the trend by removing the fluctuations is often called smoothing, whereas eliminating the trend in order to
obtain a series with a constant mean is often called detrending.

There are various ways of estimating a trend. For example, we can assume that the trend can be approximated
by a smooth function and use a simple curve-fitting method. The Mathematica function Fit can be used to fit a
linear combination of functions to the data using linear least squares method. In this example, we fit a quadratic
function of f (i.e., a linear combination of {1, t, *}) to the above data. Fitting a polynomial in f to time series data
using the least squares method is often referred to as polynomial regression.

This fits the data to a quadratic polynomial.

In[31] := trend = Fit[data, {1, t, t*2}, t]

out[31]= 4.458 - 0.931377t +0.0284097 t?

This is the estimate of the trend. We can remove the trend and get the "detrended" data or residuals by subtract-
ing the trend from the data.

The trend is removed.

In[32] := data - Table[trend, {t, 1, Length[data]}]:

Here is the time plot of the "detrended" data. Compared to the previous plot no apparent systematic trend remains.

In[33]:= ListLinePlot[%, AxesLabel -> {"t“, ":'Et"}]
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This series now appears suitable for modeling as a stationary process.

In using the curve fitting method for estimating the trend described above we implicitly assumed that a global
function fits the entire data. This is not always desirable and often methods of modeling the trend locally are
preferable. For example, a simple moving average can be used to estimate the trend. Let y; be the smoothed
value (i.e., estimated trend) at . A simple moving average of order r is defined by

r—1

Vi =th,i/r fort=r,r+1,..n.
i=0
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Thus each new data point is the average of r previous data points. Short time fluctuations are averaged out
leaving smoothed data, which we use as an estimate of the trend. The function

MovingAverage [data, r]
performs a simple moving average of order r on data and gives the smoothed data {y;}.

Instead of using identical weights in the above sum, we can generalize the simple moving average by allowing
arbitrary weights {co, c1, ..., ¢;}. This leads to a weighted moving average or linear filter. (An analysis of linear
filters in the frequency domain will be found in Section 1.8.2.) Application of a linear filter of weights
{co, c1, ..., ¢/} to {x;} produces the filtered series {y;} given by

r

yt=ZcixH- fort=r+1,r+2,...,n. (4.1)
i=0

This is sometimes referred to as a one-sided or causal filter and y; =

. CiX;_; as a two-sided filter. The filter

defined above is no less general than a two-sided one since a simple "time shifting" converts one kind of filter to
the other.

The function
MovingAverage [data, {cy, c1, ... , C/}]

applies a moving average with weights {cy, ci, ..., ¢;} to data. The weights are rescaled to sum to 1. For a more
detailed discussion of moving averages see Kendall and Ord (1990), pp. 28-34.

Another kind of moving average is the so-called exponentially weighted moving average or exponential smoothing. In
exponential smoothing, the weights decrease exponentially and the smoothed series is given by

V=Y +alx;—yi1), for t=1,2, ..., n;

where a is called the smoothing constant and is usually restricted to values between 0 and 1. An initial value of yg
is required to start the updating. The function

ExponentialMovingAverage [data, al

performs exponential smoothing on data with smoothing constant a. The initial value is taken to be the first
element in data. A different starting value v, can be used by prepending v to data.

| Example 4.9 Plot the time series generated from a random walk model.

An ARIMA(O, 1, 0) model is also called a random walk model. Here is the plot of 100 data points generated from a
random walk model.

The random number generator is seeded first.

In[34] := SeedRandom|[3 845717];
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We generate the time series from the random walk model.

In[35] := data = TimeSeries[ARIMAModel[1l, {0}, {0}, 1], 100];

This is the time plot of the series.

In[36] := ListLinePlot[data, AxesLabel -> {"t", "x."}]
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out [36] =
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Again the graph shows that the data display a tendency to increase with t. We might infer that the process has a
nonconstant mean u(f). However, we know that the ARIMA model defined in Section 1.3 has mean zero, so this
appearance of a nonstationary mean is the result of a single finite realization of a zero-mean nonstationary
process. This apparent trend is often termed a stochastic trend in contradistinction to the deterministic trend we
introduced earlier.

Differencing is an effective way of eliminating this type of trend and rendering the series stationary. Recall that
the once-differenced data {y;} is given by y, =x-x_1=(1-B)x;, and twice-differenced data by
A-Byr=x-2x-1+x2=>1- B)?x;. So the ARIMA(0, 1, 0) series after differencing is a stationary series
(1 - B)x; = y; = z;. Similarly, an ARIMA(p, d, q) series can be transformed into a stationary series by differencing

the data d times. To difference the data d times and get (1 - B)d X; wWe can use
ListDifference [data, d].

Notice that differencing is really a particular kind of linear filtering and a polynomial trend of degree k can be
eliminated by differencing the data k + 1 times.

Now we difference the above random walk data and plot the differenced series.
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The differenced data plotted here resembles a stationary series in contrast to the previous plot of the original data.
In[37] := ListLinePlot[ListDifference[data, 1], AxesLabel -> {"t", " (1-B)x:"}]

(1-B) x¢
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So far we have dealt with eliminating a nonconstant mean present in the time series. Nonstationarity can also be
due to nonconstant variance. For example, in the plot of the airline data (Example 1.2) we see clearly an increase
in the variance as f increases. Here we re-display its time plot for examination.
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| Example 4.10 Transform the airline data into a stationary series.

The contents of airline.dat are read and put into aldata.

In[38] := aldata = ReadList[ToFileName[{"TimeSeries", "Data"}, "airline.dat"], Number];

The airline series is plotted here.

In[39] := ListLinePlot[aldata, AxesLabel -> {"t", "x."}]
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We see that the variance, riding on the trend, is also changing with time. We need to transform the series into a
constant variance before modeling it further. To stabilize the variance, a nonlinear transformation such as a
logarithmic or square-root transformation is often performed. In this example, we try a natural logarithmic
transformation, yr = Inx;.

This is the time plot of the airline data after the logarithmic transformation. Note that Log [aldata] gives the logarithm of
each of the entries of aldata.

In[40] := ListLinePlot[Log[aldata], AxesLabel -> {"t", "ln(x¢)"}]

1n(x¢)

Out [40] = L

The variance now is stabilized. However, the trend is still present and there is the obvious seasonality of period
12. The method of differencing can also be used to eliminate the seasonal effects. We define the seasonal differ-
ence with period s as x; — x;s = (1 — B®) x;.

We can difference the data d times with period 1 and D times with the seasonal period s and obtain
1-B7¥@1- BS)D X; using

ListDifference [data, {d, D}, s].
Here is the airline data after the logarithmic transformation and seasonal differencing with period 12.

The transformed data is further differenced.

In[41] := data = ListDifference[Log[aldata], {0, 1}, 12];
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This is the plot of the differenced data.
Tn[42]:= ListLinePlot[data, AxesLabel -> {"t", "(1-B'?)ln(x:)"}]

(1-B*?)1n (x¢)

Out [42]=

We see that the periodic behavior or seasonal effect has been eliminated. The series after removal of the seasonal
component is often referred to as seasonally adjusted series or "deseasonalized" series. A further difference gives
the following plot.

The transformed data appear stationary.
In[43]:= ListLinePlot[ListDifference[data, 1], AxesLabel -> {"t", "(1-B) (1—B12) In(x:) “}]
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out [43] = 3
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This series (1 — B) (1 — B'?)In(x;) can be fitted to a stationary model.
In fact, the logarithmic transformation is a special case of a class of transformations called the Box-Cox transforma-

tion. If we denote the transformed series by {y;} and let A be a real constant, the Box-Cox transformation is
defined by

ytz(x?—l)//\ for A #0

and

yr =Inx; for A =0.
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Different values of A yield different transformations. It is trivial to implement this transformation on Mathemat-
ica. If data contains the time series data to be transformed then

(data] - 1) / A
or
Log [data]
gives the transformed series.

Sometimes the nonstationarity can come from models not included in the ARIMA or SARIMA models. For
example, the AR polynomial might have unit roots that are not 1. Since the AR coefficients are real, the complex
roots on the wunit circle will appear in complex conjugate pairs resulting in factors such as
(1 —elo B) (1 —ela B) = (1 —2cosa B+ BZ) in our AR polynomial. We can use ListCorrelate [{1, -2 Cos[e],
1}, data] to remove this kind of nonstationarity.

After the data have been rendered stationary, we are ready to fit an appropriate model to the data. This is the
subject of the next two sections.



1.5 Estimation of Correlation Function and
Model Identification

As stated in the beginning, given a set of time series data we would like to determine the underlying mecha-
nism that generated the series. In other words, our goal is to identify a model that can "explain" the observed
properties of the series. If we assume that after appropriate transformations the series is governed by an ARMA
type of model, model identification amounts to selecting the orders of an ARMA model.

In general, selecting a model (model identification), estimating the parameters of the selected model (parameter
estimation), and checking the validity of the estimated model (diagnostic checking) are closely related and
interdependent steps in modeling a time series. For example, some order selection criteria use the estimated
noise variance obtained in the step of parameter estimation, and to estimate model parameters we must first
know the model. Other parameter estimation methods combine the order selection and parameter estimation.
Often we may need to first choose a preliminary model, and then estimate the parameters and do some diagnos-
tic checks to see if the selected model is in fact appropriate. If not, the model has to be modified and the whole
procedure repeated. We may need to iterate a few times to obtain a satisfactory model. None of the criteria and
procedures are guaranteed to lead to the "correct" model for finite data sets. Experience and judgment form
necessary ingredients in the recipe for time series modeling.

In this section we concentrate on model identification. Since the correlation function is the most telling property
of a time series, we first look at how to estimate it and then use the estimated correlation function to deduce the
possible models for the series. Other order selection methods will also be introduced. Parameter estimation and
diagnostic checking are discussed in Section 1.6.

1.5.1 Estimation of Covariance and Correlation Functions

We are given n observations {xy, x, ..., x,} of a process {X;} and we would like to estimate the mean and the
covariance function of the process from the given data. Since, as we have mentioned before, the assumption of
stationarity is crucial in any kind of statistical inference from a single realization of a process, we will assume in
this section that the data have been rendered stationary using the transformations discussed in Section 1.4.

We use the sample mean X as the estimator of the mean of a stationary time series {X;},

X=X +Xo+... +X,)/n (6.1)

and the sample covariance function y as the estimator of the covariance function of {X},

n-k

1
y (k) = - Z (Xear = X) (Xi = X). (5.2)

t=1
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That is, the expectation in (2.8) is replaced by an average over the series at different times. It should be borne in
mind that X and ¥ defined in (5.1) and (5.2) are random variables, and for a particular realization of the time
series {x1, X2, ..., X,,} they give a particular estimate of the mean and the covariance function. Note that in the
definition of the sample covariance, (5.2), the denominator is n although there can be fewer than n terms in the
sum. There are other definitions of the sample covariance function that are slightly different from (5.2). For
example, one definition uses #n — k rather than 7 in the denominator. For the advantages of using (5.2), see the
discussions in Kendall and Ord (1990), Sections 6.2 and 6.3 and in Brockwell and Davis (1987), p. 213.

The sample correlation function p is defined to be the normalized sample covariance function,

pk) = (k) /7 (0). (5.3)
To calculate the sample mean from the given data we can use the function
Mean [data]
and to calculate the sample covariances and sample correlations up to lag k we can use the functions
CovarianceFunction [data, k] and CorrelationFunction [data, k].

Note that these are the same functions we used to calculate theoretical covariance and correlation functions
from a given model. The difference is in the first argument of these functions. To get the sample covariances or
correlations from the given data, the first argument of these functions is the data instead of a model object.

In principle, we can calculate the covariance or correlation up to the maximum lag n — 1 where n is the length of
the data. However, we should not expect y(k) to be very reliable for k comparable to 1 since in this case there are

too few terms contributing to the average in (5.2). However, if you want to calculate the correlation function up
to the maximum lag often, you can define a function with the default lag value set to n — 1 as follows.

This loads the package.

In[1] := Needs["TimeSeries TimeSeries "]

The lag argument is omitted from the function mycorrelation and it is assumed to be n — 1.

In[2] := mycorrelation[datal , data2 __] := CorrelationFunction[datal, data2, Length[datal] -1]

Example 5.1 Calculate the sample mean and sample correlation function from the data of
length 500 generated from the AR(2) process X; = 0.9 X;_1 — 0.8 X;_» + Z; (see Example 2.6).

We first generate the series according to the AR(2) model ARModel [{0.9, -0.8}, 1].

The random number generator is seeded first.

In[3] := SeedRandom[48376];

This generates the time series of length 500 according to the given AR(2) model.

In[4] := data = TimeSeries[ARModel[{0.9, -0.8}, 1], 500];
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Here is the sample mean of the series.

In[5] := Mean[data]

out[5]= -0.0042064

As we would have expected, the sample mean is close to the true mean 0. Next we calculate the sample correla-
tion p(k) up to lag k = 25 and plot it against k. The plot of p(k) versus the lag k is often referred to as the correlo-
gram.

This calculates the sample correlation function of the series up to lag 25.

In[6] := corr = CorrelationFunction[data, 25];

To plot the correlation function, we redefine the function plotcorr here.

In[7] := plotcorr[corr , opts ] :=

ListPlot[corr, DataRange -> {0, Length[corr] - 1}, PlotRange -> All, opts]

Here is the plot of the sample correlation function. We call this plot g2 for future re-display.

In[8] := 92 = plotcorr[corr, Joined -> True,
AxesLabel -> {"k", "p(k)"}, PlotStyle -> Dashing[{0.02}]]

o (k)
1.0(
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A dashed line is rendered due to the specification of the option PlotStyle. The number 0.02 inside Dashing
specifies the length of the line segments measured as a fraction of the width of the plot.

The theoretical correlation function calculated from the same model was displayed in Example 2.6. Here we
display it again for comparison.
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This plots the theoretical correlation function of the AR(2) process.

In[9]:= gl = plotcorr[CorrelationFunction[ARModel[{0.9, -0.8}, 1], 25],
AxesLabel -> {"k", "p(k)"}, Joined -> True, PlotLabel -> "Correlation Function"]

Correlation Function

o (k)

Out [9] =

We can see how well the sample correlation function of the AR(2) process actually approximates the true correla-
tion function by juxtaposing the plots of both using the command Show.

The theoretical correlation function (solid line) and the sample correlation function (broken line) are displayed together
here using Show.

In[10] := Show[gl, g2]

Correlation Function
p (k)

Oout [10]=

We see that the sample correlation p(k) provides a reasonable approximation to the true correlation function
p(k). Intuitively we also expect, by an application of the central limit theorem, that the larger the 1, the better p
approximates p. This is indeed the case as we shall see in the next section.
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1.5.2 The Asymptotic Distribution of the Sample Correlation
Function

Let {X;} be a stationary process with the correlation function p. Let p ) = (p(1), p2), ..., pth)) and
phy = ([)(1), pQ), ..., [)(h)). It can be shown (see, for example, Brockwell and Davis (1987), p. 214) that under
certain general conditions p (h) has the asymptotic joint normal distribution with mean p (h) and variance C/n as

n — oo. The (i, j) element of the matrix C, ¢;;, is given by

- k=—co (5.4)
plk + 1) p(k + ) + plk = 1) p(k + ) + 2 p(i) p(j) p°(K) = 2 p(i) p(k) pk + ) = 2 p(j) p(K) plk + 7).

This formula was first derived by Bartlett in 1946 and is called Bartlett's formula. Any stationary ARMA model
with {Z,} distributed identically and independently with zero mean and finite variance satisfies the conditions
of Bartlett's formula.

Hence for large n, the sample correlation at lag i, p(i), is approximately normally distributed with mean p(i) and
variance c¢;; /n,

Var (p@) = c;i /n= "> [p*(k+i)+ plk = i) pllc + i) +2 p*(0) p°(k) = 4 p(i) plk) plk + )] / n. (5.5)

k=—co

Bartlett's formula, (5.4) or (5.5), is extremely useful since it gives us a handle on deciding whether a small value
in the sample correlation function is in fact significantly different from zero or is just a result of fluctuations due
to the smallness of n. Next we give two examples where Bartlett's formula is used to determine if the sample
correlation is zero.

Example 5.2 For a sequence of identically and independently distributed white noise {Z;},
p(0) =1 and p(i) = 0 for i # 0. The above formula, (5.5), reduces to (for i # 0)

Var (p)) =1/n.

That is, for large n, p(i) is normally distributed with mean zero and variance 1/n fori=1, 2, ..., h. This implies

that 95 percent of the time the plot of p should fall within the bounds +1.96 / V'n . In practice, 2 rather than 1.96
is often used in calculating the bounds.

Here we generate a normally distributed random sequence of length 200 with mean 0 and variance 1.5. The
sample correlation function is calculated up to 50.

The random number generator is seeded first.

In[11] := SeedRandom[586 351]



58 Time Series

This generates a random sequence of length 200 with distribution N(0, 1.5).

In[12] := data = RandomSequence[0, 1.5, 200];

The sample correlation function up to lag 50 is generated.

In[13]:= corr = CorrelationFunction[data, 50];

We can display this sample correlation function along with the bounds +2 /200 using Show.

The sample correlation function and the bounds are displayed here using Show. The function P1ot is used to plot the two
constant functions that form the bounds.

In[14] := Show[plotcorr[corr], Plot[{-2/Sqrt[200.], 2/Sqrt[200.]}, {x, O, 50},
PlotStyle -> {{Black, Dashing[{0.02}]}}], AxesLabel -> {"k", "p(k)"}]

o (k)

1.0

T

out [14]=

We see that p(k) falls within the bounds for all k > 0. We have no reason to reject the hypothesis that the set of
data constitutes a realization of a white noise process.

You can also define your own function that plots the given correlation function and the bounds. For example,
you can define the following.

This defines the function that plots the correlation function and the bounds.

In[15] := myplotcorrl[corr , bound_ , opts __] :=
Show[plotcorr[corr, Joined -> True], Plot[{-bound, bound},
{x, 0, Length[corr] -1}, PlotStyle -> {{Black, Dashing[{0.02}]}}], opts]

You can also define a function that does the same plot as myplotcorrl but uses the data rather than the correlation

function as an argument. Note that now the bound is fixed to be 2 / V1 and the correlation is plotted to the maximum lag.

In[16] := myplotcorr2[data , opts

CorrelationFunction[data, Length[data] -1], 2/ Sqgrt[Length[data]], opts]

] :=myplotcorrl|
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Example 5.3 For an MA(g) process, p(k) = 0 for k > q. From Bartlett's formula (5.5), it is
easy to see that for i > g only the first term in the sum survives. Therefore, for i > 4 we have

Var (@) = (1+2p* 1) +2p*2) + ... +20°(9)/n. (5.6)

If the data of length n (n large) are truly a realization of an MA(g) process, we expect the sample correlation

function p(i) for i > q to fall within the bounds given by +2/ Var (p(i)) about 95 percent of the time. In practice,

the true correlation function p is unknown and (5.6) is used with the sample correlation function p in place of p.

Here we are given a set of stationary, zero-mean data of length 200 that is generated from an MA(2) process
X =72;-04Zi 1 +1.1Z; 5. We would like to determine the process that generated the data.

This seeds the random number generator.

In[17] := SeedRandom[8174];

This generates a time series of length 200 from the given MA(2) model.

In[18] := data = TimeSeries[MAModel[{-0.4, 1.1}, 1], 200];

We first calculate the sample correlation function and plot it along with the bounds for white noise.

corr contains the sample correlation function of the series up to lag 50.

In[19] := corr = CorrelationFunction[data, 50];

The sample correlation function and the bounds for a white noise process are displayed together using myplotcorrl.

In[20] := myplotcorrl[corr, 2/8qrt[200], AxesLabel -> {"k", "p(k)"}]

out [20] =
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Since the sample correlation function at lags 1 and 2, p(1) and p(2), are well beyond the bound, we conclude that

they differ significantly from zero and the data are not likely to be random noise. Since the correlations beyond
lag 2 are all rather small we may suspect that the data can be modeled by an MA(2) process. The variance of p(k)

for k > 2 can be calculated using (5.6), with the sample correlation function replacing the true correlation func-
tion, that is, we calculate (1 +2 ,62(1) +2 ,52(2)) / n.

We first get the sample correlation up to k = 2. This is done by extracting the first three elements of corr using
Take.

This extracts the first three elements of corr.

In[21] := Take[corr, 3]

out[21]= {1., -0.408219, 0.454923}

We square the list (each individual element will be squared) and then use Apply to add all the elements together.
Inf22]:- (2 Total[%"2] - 1) /200

out [22]= 0.00873597

We have subtracted 1 to get rid of overcounting p(0) ( = 1). Now we can display the sample correlation function
again with the bounds we just calculated.

The sample correlation function is displayed along with the newly calculated bounds.
In[23] := myplotcorrl[corr, 2 Sqrt[%], AxesLabel -> {"k", "p(k)"}]

p (k)

1.0

out [23] =

This affirms the reasonableness of our conclusion that the data are from an MA(2) process.
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1.5.3 The Sample Partial Correlation Function

We use the sample partial correlation function éﬁk,k to estimate the partial correlation function. It is obtained by

replacing the true covariance function y(k) used in the Levinson-Durbin algorithm with the sample covariance
function (k). To get the sample partial correlation function from given data up to lag  we can use the function

PartialCorrelationFunction [data, h].

Again the function name is the same as that used to calculate the partial correlation function of models.

For an AR(p) process, we know from Section 1.2.4 that ¢, = 0 for k > p. The sample partial correlation qAﬁk,k of an
AR(p) process for large n and k > p has an asymptotic normal distribution with mean zero and variance given
by

Var (¢x) =1/n. (5.7)
We can use +2 / V1 as a guide to decide if the sample partial correlation can be considered zero.

In the following example, we are given a set of stationary, zero-mean data of length 200 generated from the
ARB) model X; =1.5X; 1 -1.0X;, +0.4 X, 3+ Z;.

The random number generator is seeded first.

In[24] := SeedRandom[38471]

This generates a time series of length 200 from the AR(3) model.

In[25] := data = TimeSeries[ARModel[{1.5, -1.0, 0.4}, 1], 200];

Example 5.4 Make a preliminary determination of what process has generated the given
data by looking at the sample correlation and the sample partial correlation functions.

We first calculate and plot the sample correlation function of the given data.
In[26] := Plotcorr[CorrelationFunction[data, 30], Joined -> True, AxesLabel -> {"k", "p(k)"}]

p (k)

1.0

out [26] =
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Since there is no sharp cutoff in the plot of the correlation function, it is unlikely that the data are from a pure
MA process. Next we calculate and plot the sample partial correlation function. The plot of the sample partial

correlation function (}k,k versus the lag k is sometimes referred to as the partial correlogram; we display the partial

correlogram of data together with the bounds +2 / V.

The sample partial correlation function up to lag 30 is calculated from the given series data and defined to be pcf.

In[27] := pcf = PartialCorrelationFunction[data, 30];

The sample partial correlation function is displayed along with the bounds using the function myplotcorrl we defined in
In[16].

In[28] := myplotcorrl[pcf, 2/Sqrt[200], AxesLabel -> {"k", "¢y "}]

out [28] =

We see that the sample partial correlation differs from zero significantly only at the first 3 lags. This provides
evidence to support the hypothesis that the data are from an AR(3) process.

1.5.4 Model Identification

There are various methods and criteria for selecting the orders of an ARMA model. We have seen in Sections
1.5.2 and 1.5.3 that the correlogram and partial correlogram can provide powerful tools to determine the order
of a pure AR or MA process. So after the data have been transformed using the methods suggested in Section
1.4, the first thing to do is to look at the correlogram and partial correlogram. The failure of the sample correla-
tion function to decay to zero sufficiently fast signals that further differencing may be necessary to make the
data truly stationary.

Once the data are stationary, we can use our knowledge of theoretical correlation functions (see Section 1.2) of
different models to deduce the possible ARMA orders for modeling our data. However, we must keep in mind
that sample correlation functions do not always resemble the true correlation functions as well as in Example
5.1, especially in the small n case. Sample correlation at different lags can be highly correlated (see (5.4) for the
expression of covariance of p(i) and p(j)). Also it is easy to show that y satisfies Zz;ll y (k) =-1/2, even though

the theoretical correlation function y(k) is strictly positive for all k. (That is, ¥ is biased.)
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Another type of order selection method is based on the so-called information criteria. The idea is to balance the
risks of underfitting (selecting orders smaller than the true orders) and overfitting (selecting orders larger than
the true orders). The order is chosen by minimizing a penalty function. The two commonly used functions are

1n6-2+2(p+q)/n (5.8)

and

1n6-2+(p+q)1nn/n. (5.9)

Here ¢~ is the estimated noise variance usually obtained from maximum likelihood estimations and #, as usual,
is the length of the data. Akaike first suggested that the orders p and g be chosen such that they minimize the
value of (5.8). This is called Akaike’s information criterion (AIC). Similarly, using the minimum of (5.9) to select
orders is called using Bayesian information criterion (BIC). (Other definitions of AIC use the logarithm of the
likelihood function. See, for example, Brockwell and Davis (1987), p. 280.)

The first term in (5.8) and (5.9) can be interpreted as a penalty for underfitting, since the terms that are missing
from the parameter fitting will be included in the noise and therefore give rise to an additional contribution to
the noise variance. The second term in (5.8) and (5.9) is directly proportional to the number of ARMA parame-
ters and it is clearly the penalty for overfitting. Its effect is to favor a parsimonious model. Choosing a model
with the smallest possible number of parameters is an important principle in model selection, and this principle
is referred to as the principle of parsimony. See Box and Jenkins (1970), Section 1.3.

To get the AIC or BIC value of an estimated model we can simply use
AIC [model, n] or BIC [model, n].

Since the calculation of these values requires estimated noise variance, we will postpone demonstrating the use
of these functions until Section 1.6.

A seasonal ARIMA(p, 0, 9)(P, 0, Q); model can, in principle, be treated as a special ARMA(p + s P, g + 5 Q) model
in model selection. However, since the number of independent parameters involved is often much smaller than
that of a general ARMA(p + s P, g+ 5 Q) model, the principle of parsimony dictates that we should determine s,
P, and Q as well as p and g. This usually presents additional difficulties in order selection. However, if the
orders of the seasonal models are small, which often seems to be the case in practice, we can determine the
seasonal period s by inspecting the correlogram using the theoretical properties of the correlation function we
discussed in Section 1.3. The cutoff in the sample correlation or partial correlation function can suggest possible
values of g + 5 Q or p + s P. From this we can select the orders of regular and seasonal parts.

Example 5.5 A set of seasonal data of length 200 is given below. Determine the orders of
the seasonal model that generated the data.

This seeds the random number generator.

In[29] := SeedRandom[205967];
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This generates a time series of length 200 from the given SARIMA(1, 0, 0)(1, 0, 0)4 model.

In[30] := data = TimeSeries[SARIMAModel[{O, 0}, 4, {0.6}, {-0.85}, {}, {}, 1], 200];

First we look at the correlogram.

This gives the plot of the sample correlation function.
In[31] := plotcorr[CorrelationFunction[data, 50], Joined -> True, AxesLabel -> {"k", "p(k)"}]

o (k)

1.0

Oout [31]=

VA\/AVAVAV

We see that the correlogram has extrema at lags that are multiples of 4. This suggests that s = 4. Since the correlo-
gram has no sharp cutoff, the model is unlikely to be a pure MA model. Next we look at the sample partial

correlation function. We plot it along with the bounds +2 /+/200 .

The sample partial correlation function is displayed along with the bounds +2 / V200 .

In[32] := myplotcorrl[PartialCorrelationFunction[data, 30],
2 /8qrt[200], AxesLabel -> {"k", "¢y "}]

Pk, x

out [32] =

N
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The partial correlogram has a cutoff at lag k=5. We conclude that the model is a pure AR model with
p +sP =5. Given that s = 4, we may deduce that p =1 and P = 1. This is, of course, an extremely simple exam-
ple. In practice, model identification can be much more complicated.

For a mixed model we can select the orders using the AIC and BIC defined in (5.8) and (5.9) with p + g replaced
by the number of seasonal model parameters p + P + g + Q.

1.5.5 Order Selection for Multivariate Series

For an m-variate series, X; is a column vector of length m. The sample mean is again given by (5.1) and
Mean [data] gives the estimate of the mean vector. The definition of sample covariance in the multivariate case
is given by

n-k
[k)=— Z(Xnk - X) (X —Y)’
=1
and
. 1 & ,
['(-k) = . Z (Xi—k = X) (X¢ = X)
t=k+1

for 0 < k < n. The sample correlation function R((k))i j= p; j(k) is defined to be

o N . . 1/2
b0 = 7,8 [ (3,0 %,0)",

where i/i ].(k) = f((k))ij. Note that the above equation reduces to (5.3), the univariate sample correlation, when
i=j.

In fact, the correlation function is the covariance function of the normalized or standardized series (i.e., a series

with zero mean and unit variance), which is obtained by subtracting from each component its mean and divid-
ing by its standard deviation.

I Example 5.6 Calculate the sample correlation matrices up to lag 3 from the given bivariate
data.

The random number generator is seeded first.

In[33] := SeedRandom[479602]

This generates a bivariate time series of length 80 from the given MA(1) model.

In[34] := data = TimeSeries[MAModel[{{{0.5, -0.1}, {0.2, -0.8}}}, {{1, 0}, {0, 1}}], 80];
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The sample correlation function up to lag 3 is calculated and displayed in a table form.
In[35] := TableForm[Transpose[{Table[rho[i], {i, 0, 3}], CorrelationFunction[data, 3]}]]

out [35] //TableForm=

1. 0.17511
rho[0] 0.17511 1.
0.413944 -0.0718686
rho[1] 0.116806 -0.480424
0.128807 -0.0246143
rho[2] 0.0228069 0.0589108
tho[3] 0.13624 0.125488

-0.0273056 -0.206116

We can get the same result by calculating the sample covariance function I' of the standardized data. The data
can be standardized as follows.

The series generated from the given MA(1) model is standardized.

In[36] := datal = Transpose[ (Transpose[data] - Mean[data]) / StandardDeviation[data]
Sgrt[Length[data] / (Length[data] -1)]]:;

Each component of the standardized series datal has mean zero.

In[37] := Mean[datal]

out[37]= {-8.76035x107"7, -3.39626x10 °}

The covariance function of the standardized data up to lag 3 is calculated and tabulated.
In[38] := TableForm[Transpose[{Table[gamma[i], {i, 0, 3}], CovarianceFunction[datal, 3]}]]

out [38] //TableForm=

amma [0] 1. 0.17511
El 0.17511 1.

0.413944 -0.0718686
gamma [1] 0.116806 -0.480424
amma[2] 0.128807 -0.0246143
el 0.0228069 0.0589108
gamma [3] 0.13624 0.125488

-0.0273056 -0.206116

This result is identical to the previous one. The variances of the series 1 and 2 are given by I'((0));; and I'((0)),,
and they are both 1. Also notice that I'(k) ~ 0 for k > g = 1.

The methods of order selection employed in the univariate case can also be used for a multivariate series. The
fact that an AR(p) process has vanishing partial correlations at lags greater than p and an MA(g) process has
vanishing correlations at lags greater than g helps determine the order of an AR or MA process, respectively.
For an MA(q) process, the asymptotic variance of the sample correlation ﬁij(k) (k > q) is given by

~ 1 q
Var (pyj00) = —|1+2 ) pis 0 pj;
=1
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for all i and j. If the cross-correlation between two series p; () vanishes for all k (i.e., the two series are uncorre-

lated) and one of the series is a white noise process, the above formula for the variance of f)i ].(k) reduces to

Var (f)l.].(k)) = 1/n.
This result can be used to test if two series are independent of each other.

The sample partial correlation for a multivariate case is a direct extension of that for the univariate case. It is
calculated using the Levinson-Durbin algorithm. Again, PartialCorrelationFunction [data, h] gives the
sample partial correlation function up to lag h.

The AIC and BIC of an m-variate process use the penalty functions

In|Z|+2m*(p +q) /n

and

InjZ +2m*(p+q)Inn/n,

respectively. (|Z| denotes the determinant of £.) They are again calculated using the functions AIC [model, 1]
and BIC [model, n] and can be used to select the orders of an m-variate ARMA process.



1.6 Parameter Estimation and Diagnostic
Checking

In this section different methods of estimating the ARMA parameters are presented: the Yule-Walker method,
the Levinson-Durbin algorithm, Burg's algorithm, the innovations algorithm, the long AR method, the Hannan-
Rissanen procedure, the maximum likelihood method, and the conditional maximum likelihood method.
Functions calculating the logarithm of the likelihood function, the estimated information matrix, and the asymp-
totic covariance of the maximum likelihood estimators are also given. Residuals and the portmanteau statistic
used in the diagnostic checking can also be obtained with functions defined in this section.

1.6.1 Parameter Estimation

We first introduce some commonly used methods of estimating the parameters of the ARMA types of models.
Each method has its own advantages and limitations. Apart from the theoretical properties of the estimators
(e.g., consistency, efficiency, etc.), practical issues like the speed of computation and the size of the data must
also be taken into account in choosing an appropriate method for a given problem. Often, we may want to use
one method in conjunction with others to obtain the best result. These estimation methods, in general, require
that the data be stationary and zero-mean. Failure to satisfy these requirements may result in nonsensical
results or a breakdown of the numerical computation. In the following discussion we give brief descriptions of
each estimation method in the time series package; for more details the reader is urged to consult a standard
time series text.

Yule-Walker Method

The Yule-Walker method can be used to estimate the parameters of an AR(p) model for a given p. If we multiply
each side of (2.7) by X, _, k=0, 1, ..., p, and take expectations, we get a set of linear equations called the Yule-
Walker equations:

Yk =pryk =D+ yk =2)+ ... +¢pyk—p) (6.1)

fork=1,2,...,pand

¥(0) = ¢17(1) =2 ¥(2) — ... —p¥(p) = 0™ (6.2)

The Yule-Walker equations can be solved for the covariance function y given the AR parameters (in fact, the
function CovarianceFunction for AR models is obtained by solving the Yule-Walker equations) or they can
be solved for the AR coefficients {¢;} and the noise variance ¢ if the covariance function is known. In practice,
the exact covariance function is unknown and a natural way of getting an estimate of the AR parameters is to
use the sample covariance function ¥ to replace the corresponding theoretical covariance function y in (6.1) and
(6.2) and solve for {¢;} and 0. The solution so obtained is called the Yule-Walker estimate of the AR parame-
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ters. In general, the method of estimating parameters by equating sample moments to theoretical moments is
referred to as the method of moments.

To estimate the parameters of an AR(p) model fitted to data using the Yule-Walker method we can use the
function

YuleWalkerEstimate [data, p].

It gives the estimated model object

ARModel [{¢y, &y, ..., &ﬁp},&z].

Example 6.1 Fit an AR(3) model to the data generated from the model
Xy =09X;1-0.55X;5 + 0.4 X;_3 + Z; using the Yule-Walker method.

We load the package.

In[1] := Needs["TimeSeries TimeSeries "]

The random number generator is seeded first.

In[2] := SeedRandom[304918];

A time series of length 120 is generated from the specified AR(3) model.
In[3]:= data = TimeSeries[ARModel[{0.9, -0.55, 0.4}, 1], 120];

Assuming that the order has been correctly identified we can proceed to estimate the parameters using the Yule-
Walker method.

This gives the estimated AR(3) model using the Yule-Walker method.

In[4] := YuleWalkerEstimate[data, 3]

out [4]= ARModel[{0.763343, -0.242644, 0.204865}, 0.829638]

Note that the three numbers in the list are the estimated values of ¢1, ¢», and ¢3, and the number 0.858176 is the
estimated noise variance.

Levinson-Durbin Algorithm

Levinson and Durbin derived an iterative way of solving the Yule-Walker equations. Instead of solving (6.1)
and (6.2) directly, which involves inversion of a pxp matrix, the Levinson-Durbin algorithm fits AR models of

successively increasing orders AR(1), AR(2), ... , AR(k) to the data. Let &m,j and é'fn be the j AR coefficient and

the noise variance of the fitted AR(m) model, respectively; the recursion formulas of the Levinson-Durbin
algorithm are (see Brockwell and Davis (1987), Section 8.2 and Morettin (1984))
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m-1
&m,m = i’ (m) - Z (Esm—l,j ’/)} (m _]) /&fn—ll

j=1

¢m,k = ¢m71,k - ¢m,m ¢m71,m7k

fork=1,2,...,m—1,and

A2 A2 ~2
Om = O-mfl(l - ¢m,m)

with &5 = %(0).

The advantage of using the Levinson-Durbin algorithm over a direct solution of the Yule-Walker equations is
that it also gives us the partial correlations {(}51/1, (}52/2, ... }. (In fact, PartialCorrelationFunction uses the

Levinson-Durbin algorithm to compute the partial correlation function.) This allows us to select an appropriate
AR model in the process of the parameter estimation. The function

LevinsonDurbinEstimate [data, k]

fits models AR(1), AR(2), ... , AR(k) to data and gives a list of estimated model objects.

Example 6.2 Use the Levinson-Durbin algorithm to fit an AR model to the data used in
Example 6.1.

This gives six estimated AR models of increasing order.

In([5] := armodels = LevinsonDurbinEstimate[data, 6]

out [5]= {ARModel[{0.683366}, 0.873062], ARModel[{0.744897, -0.0900402}, 0.865984],
ARModel [ {0.763343, -0.242644, 0.204865}, 0.829638],

ARModel [ {0.735732, -0.209941, 0.101983, 0.134778}, 0.814568],
[
[

ARModel [ {0.74695, -0.201451, 0.0845077, 0.196021, -0.0832399}, 0.808924],
ARModel [ {0.748482, -0.205057, 0.0829532, 0.199726, -0.0969802, 0.0183952}, 0.80865]}

We can decide on the appropriate order by looking at the last AR(i) coefficient ¢;; for i=1, 2, ..., 6. This is

precisely the sample partial correlation function defined earlier. To see this we can explicitly extract the last
number in the list of AR coefficients of each model.

The last AR coefficient of each model estimated above is extracted.
In(6]:= %[[All, 1, -1]]
out[6]= {0.683366, -0.0900402, 0.204865, 0.134778, -0.0832399, 0.0183952}
Whenever we want to extract an element from the same position in each entry in a list, we can use the A11 part

specification. Here we wish to extract the last AR coefficient. The AR coefficients are the first parts of each
ARModel and the last coefficient is the -1 part of that list.
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We get the same result using PartialCorrelationFunction.

In[7] := PartialCorrelationFunction[data, 6]

out[7]= {0.683366, -0.0900402, 0.204865, 0.134778, -0.0832399, 0.0183952}

We see that the partial correlations fall within the bound 2 / V120 =0.18 (see (5.7)) for k > 3. So we choose to
model the data by an AR(3) process and the estimated model is the third entry in armodels.

This extracts the third entry in armodels.

In[8] := armodels[[3]]

out [8] = ARModel[{0.763343, -0.242644, 0.204865}, 0.829638]

Note that this is exactly the same as the result we got in Example 6.1 by using YuleWalkerEstimate.

We draw the attention of the reader to the behavior of the estimated noise variances. To see how they change as
the order of the model is varied, we extract and plot them.

The noise variances are extracted from armodels.

In[9] := armodels[[All, -1]]

out[9]= {0.873062, 0.865984, 0.829638, 0.814568, 0.808924, 0.80865}

We plot the noise variance as a function of the AR model order p.
In[10] := ListLinePlot [96, AxesLabel -> {"p“, g2 "}, PlotRange -> All]
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out [10]=
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We see that initially the variance drops as we increase the order of AR model to be fitted, and after p = 3 the
variance levels off. This gives an indication that the true order of the model is probably p = 3. This is because if
the order of the fitted model is smaller than the true order, the noise variance will get an additional contribution
from the terms that have been neglected and will be larger.
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Burg's Algorithm

Burg’s algorithm (also referred to as the maximum entropy method) for estimating the AR parameters is also
iterative, but it works directly with the data rather than with the sample covariance function. For large samples,
Burg's algorithm is asymptotically equivalent to the Yule-Walker estimates although the two differ on small
sample properties. For a presentation of Burg's algorithm see Jones (1978). The function

BurgEstimate [data, k]

fits AR(1), AR(2), ... , AR(k) models to data and gives a list of estimated model objects using Burg's algorithm.

Example 6.3 Use Burg's algorithm to fit an AR model to the data from the AR(3) model
studied in Example 6.1.

This gives 5 estimated AR models using Burg's algorithm.

In[11] := BurgEstimate[data, 5]

out[11]= {ARModel[{0.68477}, 0.872083], ARModel[{0.751946, —-0.0980994}, 0.863691],
ARModel [{0.774545, -0.271324, 0.230368}, 0.817855],

ARModel [{0.744897, -0.236405, 0.130687, 0.128697}, 0.804309],

ARModel [{0.755675, -0.225461, 0.110888, 0.191081, -0.0837485}, 0.798668] }

This is the estimated AR(3) model. Compare it with the result of the Levinson-Durbin algorithm in Example 6.2.
In[12]:= %[[3]]

out [12]= ARModel[{0.774545, -0.271324, 0.230368}, 0.817855]

Innovations Algorithm

For an MA model the method of moments involves solving a set of nonlinear equations and, therefore, it is not
as convenient. Instead, other methods are used. The so-called innovations algorithm can be used to obtain a
preliminary estimate of MA parameters.

Fitting MA(1), MA(2), ... models to time series data using the innovations algorithm is analogous to fitting
AR(1), AR(2), ... models to data using the Levinson-Durbin algorithm. The iterative formulas and the details of
the derivation can be found in Brockwell and Davis (1987), pp. 165-166 and Section 8.3.

The function
InnovationEstimate [data, k]

allows us to use the innovations algorithm to get an estimate of the MA parameters. It gives the estimated
models MA(1), MA(2), ... , MA(k).
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Let ém,]- be the j MA coefficient of the estimated MA(m) model, then the asymptotic variance of ém,]- can be

estimated to be

j-1

) A 2
i = Var 0,,;) =1+ Z@m,,{ / n, (6.3)
k=1

and the order g is estimated to be the lag beyond which 9,,1,]- lies within +2 & for j > g.

Once the order g is chosen, the estimated model parameters are given by @)m,]- forj=1,2, ..., g where m is suffi-

ciently large that the values of ém,]- have stabilized with respect to m. In contrast, in the Levinson-Durbin algo-

rithm, once the order of the AR process p is chosen, the estimated parameters for that p describe the estimated
model. To illustrate how to get the estimate of an MA model, we generate a set of data from an MA(2) process
and then try to fit an MA model to it.

This seeds the random number generator.

In[13] := SeedRandom[394587];

A time series of length 120 is generated from the given AR(2) model.

In[14] := data = TimeSeries[MAModel[{-1.5, 0.7}, 1], 120];

| Example 6.4 Fit an appropriate ARMA model to the given stationary time series data.

We first look at the correlogram.

This calculates the sample correlation function up to lag 25.

In[15] := corr = CorrelationFunction[data, 25];

To plot the correlation function, we redefine the function plotcorr here.

In[16] := plotcorr[corr , opts __] :=

ListPlot[corr, DataRange -> {0, Length[corr] - 1}, PlotRange -> All, opts]
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The above sample correlation function corr is plotted using the function plotcorr.
In[17] := plotcorr [corr, Joined -> True, AxesLabel -> {"k" , "o (k)" }]

0 (k)

1.0

Out [17]=

We see that
relatively small order. Next we calculate the bound for sample correlation function assuming g = 1 (see (5.6))

ﬁ(k)| is small ( < 0.2) except for k <2. We can conclude that the data are from an MA model of

The bound for the sample correlation function is calculated under the assumption that g = 1.
In[i8] := 2 Sqrt[ (2 Total[Take[corr, 2]72] - 1) /120]

out[18]= 0.253167

The value of p(2) is within the bound.
In[19]:= corr[[3]]

out [19]= 0.170959
So MA(1) is a plausible model.

Now we use the innovations algorithm to determine the MA order and estimate the parameters.
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This gives ten estimated MA models of increasing order using the innovations algorithm.

In[20] := mamodels = InnovationEstimate[data, 10]

out [20] = {MAModel [
MAModel [
MAModel [
MAModel [

MAModel [ {-

{,
{_
{_
{,

0.
1.
1.
1.

679264}, 1.74834], MAModel[{-1.04556, 0.170959}, 1.23994],
24477, 0.375973, 0.0464327}, 1.07071],

3602, 0.478456, 0.000269039, -0.068144}, 0.966188],

42063, 0.570985, 0.0215842, -0.0492007, 0.0613083}, 0.930046],
42687, 0.647133, 0.0369225, -0.0341669, 0.0927607, —-0.0167054},

0.929079], MAModel [{-1.42865, 0.645337, -0.00497664, -0.0831326, 0.0378468,
-0.0997403, -0.0544924}, 0.926231], MAModel [{-1.43473, 0.644359, -0.0148594,
-0.0982001, 0.0313664, -0.115448, -0.031991, 0.0548565}, 0.915075],

MAModel [{-1.44321, 0.648848, -0.0134027, -0.0893809, 0.0510151,
-0.098105, 0.0128691, 0.10665, 0.00380608}, 0.909607],

MAModel [{-1.43844, 0.667823, -0.00788841, -0.0861545, 0.0709004,
-0.070265, 0.0538966, 0.155801, 0.00864946, 0.00125505}, 0.906144]}

In order to compare the MA coefficients of the different models, let us extract and align them using the Mathemat-

ica function Column.

The MA coefficients are extracted and aligned using Column.

In[21] := NumberForm[Column [mamodels[[All, 1]]], 2]

out [21] //NumberForm=

{-0.68}
0.17}
.38,
.48,
.57,
.65,
.65,
.64,
.65,
.67,

R S S S
O O O O O O O O

{-1.
{-1.
{-1
{-1
{-1.
{-1
{-1
{-1
{-1

0
0
0
0

-0
-0
-0

.046}

.00027, -0.068}

.022, -0.049, 0.061}

.037, -0.034, 0.093, -0.017}
-0.

005, -0.083, 0.038, -0.1, -0.054}

.015, -0.098, 0.031, -0.12, -0.032, 0.055}

.013, -0.089, 0.051, -0.098, 0.013, 0.11, 0.0038}

.0079, -0.086, 0.071, -0.07, 0.054, 0.16, 0.0086, 0.0013}

We see that the MA coefficients @m,j, j > 2, lie within the bound 2 / V120 =0.18 <2 &j, suggesting that 8,=0 for

j > 2. (Although one number |fgg| = 0.19 is larger than 0.18, it is within the bound 2 ¢, given by (6.3).) Since the

MA coefficients @m,j, j < 2, are significantly different from zero, we conclude that g = 2.

The values of ém,‘l and ém,2 stabilize around —1.5 and 0.78, respectively. In fact, for m = 5 the fluctuations in 6,,,

and 6,,, are of order 1 / V. So any 6,,1 and 6,,, for m = 5 can be used as our estimated 6; and 6,. We choose

m =7 and find the estimated parameters by selecting the first two coefficients of the MA(7) model. This can be
done conveniently using Mathematica.

This extracts the MA(7) model and keeps only the first two MA coefficients.

In[22] := MapAt[Takel[#,

2] &, mamodels[[7]], 1]

out [22]= MAModel [{-1.42865, 0.645337}, 0.926231]
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Note that Map is used to perform an operation on all arguments while an operation on arguments only at
specified locations is accomplished using MapAt.

Long AR Method

For a mixed model ARMA(p, g), the above methods are not applicable and we must resort to other techniques.
The long AR method can be used to estimate the parameters of ARMA(p, q) models as well as AR(p) and MA(qg)

models. We may recall that an invertible ARMA model can be approximated by an AR(k) model for sufficiently
large values of k. The long AR method of estimating ARMA parameters makes use of this fact. It first fits an
AR(k) model (k large, thus "long" AR method) to the data {x;},

Xt =¢1 Xi-1+ ... +¢kxt,k+zt.

The estimated AR(k) coefficients {g;)l-} are obtained using the ordinary least squares regression method. Then

using the above equation with the {(?)l-} and data {x;}, we can get the estimated residuals or innovations {Z;},

=X = P X1 = e — P X

Substituting these residuals into the ARMA(p, q) model we have,

Xr=@P1 X1+ PrXp 0+ ... +¢pxt,p+912t,1 +60,Z 5+ ... +0th,q+Zt.

Now we can again use the ordinary least squares regression method to estimate the coefficients {¢;} and {6;}, and
the noise variance is given by the residual sum of squares divided by the number of terms in the sum,

n

Z z?/(n —t') where t' = max (g +k, p). (6.4)

t=t'+1

This procedure of fitting an invertible ARMA(p, q) model to data using the long AR method is encoded in the
function

LongAREstimate [data, k, p, q1,

where k is the order of long autoregression. Note that if the data are generated from a non-invertible model,
long AR method fails and we may get nonsensical results.

| Example 6.5 Fit an MA(2) model to the data in Example 6.4 using the long AR method.

The long AR method is used to obtain the estimated MA(2) model from data.

In[23] := LongAREstimate[data, 8, 0, 2]

out [23]= MAModel [{-1.43634, 0.663807}, 0.994936]

I Example 6.6 Estimate the parameters of an ARMAC(1, 2) model from the data generated
below.
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The random number generator is seeded first.

In[24] := SeedRandom[31857];

A time series of length 150 is generated from the given ARMAC(1, 2) model.

In[25] := data = TimeSeries[ARMAModel[{0.6}, {0.2, -0.5}, 2], 150];

This gives the estimated ARMA(1, 2) model using the long AR method. The order of the long autoregression is 10.

In[26] := LongAREstimate[data, 10, 1, 2]

out [26] = ARMAModel [ {0.715687}, {0.0756134, -0.545209}, 1.4078]

Hannan-Rissanen Procedure

The idea behind the Hannan-Rissanen procedure of estimating ARMA parameters is very similar to that behind
the long AR method. That is, an AR(k) model is first fitted to the data in order to obtain the estimates of the
noise or innovation z;; when this estimated noise 2; is used in place of the true noise it enables us to estimate
ARMA(p, q) parameters using the less expensive method of least squares regression. However, the basic differ-
ence between the two methods is that in the long AR method the ARMA model orders to be fitted p and g as

well as the order of long autoregression k, are supplied, whereas in the Hannan-Rissanen method the orders are
determined within the procedure itself using an information criterion. Specifically, the Hannan-Rissanen proce-
dure consists of following steps.

1. Use the Levinson-Durbin algorithm to fit models AR(i), fori =1, 2, ..., kyay, to the data.

2. Calculate the AIC values In 6'? +2i/nfori=1,2, ..., kya of the fitted AR models, and choose the
model AR(k) that yields the smallest AIC value.

3. Calculate the residuals {Z;} from the fitted AR(k) model.

4. Estimate ARMA(p, q) coefficients using the least squares method for p < Min (Pex, k) and q < Gqy; the
estimated noise variance is given again by (6.4).

5. Select the model that has the lowest BIC value (In &;/q +(p+qInn/n).
For more details on the Hannan-Rissanen procedure see Granger and Newbold (1986), pp. 82-83. The function
HannanRissanenEstimate [data, kmax, pmax, qmax]

selects an appropriate ARMA model to fit the data using the Hannan-Rissanen procedure.

| Example 6.7 Use Hannan-Rissanen method to fit an ARMA model to the previous data.

The Hannan-Rissanen procedure selects as well as estimates the model. It chooses an MA(1) model for the same data.

In[27] :- HannanRissanenEstimate[data, 10, 3, 3]

out [27]= MAModel [{0.77312}, 1.43075]
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Instead of getting the model with the lowest BIC value as selected by the Hannan-Rissanen procedure, some-
times it is useful to know the models that have the next lowest BIC values. This can be done by specifying the
optional argument in HannanRissanenEstimate.

HannanRissanenEstimate [data, kmax, pmax, qmax, h]

gives h estimated models with increasing BIC values. Computationally this does not cost any extra time. It is
advisable to compare these i different models and decide on one in conjunction with other model identification
methods. If you want to get all the models estimated in step 4 of the Hannan-Rissanen procedure, you can give
a sufficiently large value of k. You can then select a model from these using your own criterion.

Here we use the procedure to print out four models with the lowest BIC values.

In[28] := hrmodels = HannanRissanenEstimate[data, 10, 3, 3, 4]

out [28]= {MAModel[{0.77312}, 1.43075], ARMAModel [{0.06124}, {0.711995}, 1.42748],
MAModel [{0.773019, 0.0241686}, 1.43976],
ARMAModel [{-0.122753, 0.142481}, {0.893641}, 1.41075]}

To find the BIC and AIC values of these models we can use Map.

We find the BIC values of each of the above four models. These values are in increasing order as they should be.

In[29] := Map[BIC[#, 150] &, %]

out [29]= {0.391605, 0.422722, 0.431288, 0.444332}

The AIC values of the models can be found similarly.

In[30] := Map[AIC[#, 150] &, %%]

out [30]= {0.371535, 0.38258, 0.391146, 0.384119}

We see that while the MA(1) model has the lowest BIC value, the ARMA(1, 2) model has the lowest AIC value.
Next we plot the sample correlation.

This calculates the sample correlation function up to lag 25.

In[31] := corr = CorrelationFunction[data, 25];
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The above sample correlation function is plotted here.
In[32] := plotcorr [corr, Joined -> True, AxesLabel -> {"k" , "D (k) “}]

p (k)

out [32] =

The bound for the sample correlation function is calculated under the assumption that g = 1.
Tn[33]:= 28qrt[(1 + 2corr[[2]]"2) /150.]

out [33]= 0.19894

We see that although p(10) is beyond this bound, there is no strong evidence to reject the MA(1) model. So
based on the above analysis either MA(1) or ARMA(1, 2) can be tentatively identified as the right model.

Maximum Likelihood Method

When the noise of a zero-mean, stationary ARMA process is normally distributed ({Z;} ~ N (0, 0'2)), we can get
the estimate of ARMA parameters by maximizing the Gaussian likelihood of the process. The parameters so
obtained are called the maximum likelihood estimates of the parameters. The exact likelihood can be obtained from
the prediction error decomposition (see Section 1.7) with the prediction errors being computed using the innova-
tions algorithm. A complete discussion of the innovations algorithm and the calculation of the exact maximum
likelihood can be found in Brockwell and Davis (1987), Chapter 5 and Sections 8.3 and 8.4.

The function
LogLikelihood [data, model]

gives the logarithm of the exact Gaussian likelihood function for the given model and data. In the univariate
case, LogLikelihood gives what is called the "reduced likelihood" (see Brockwell and Davis (1987), p. 250)
and in the multivariate case, it gives the logarithm of the full maximum likelihood (apart from a constant). See
Reinsel (1993), Section 5.4.

Example 6.8 Calculate the logarithm of the likelihood of the estimated ARMAC(1, 2) model
in Example 6.7.
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Here is the logarithm of the likelihood of the ARMA(1, 2) model estimated in Example 6.7.

In[34] := LogLikelihood[data, hrmodels[[2]]]

out [34]= —-0.372637

The maximum likelihood method of estimating model parameters is often favored because it has the advantage
among others that its estimators are more efficient (i.e., have smaller variance) and many large-sample proper-
ties are known under rather general conditions.

MLEstimate [data, model, {¢p1, {#1;, ¢15}}, ... ]

fits model to data using the maximum likelihood method. The parameters to be estimated are given in symbolic
form as the arguments to model, and two initial numerical values for each parameter are required. Internally the
maximization of the exact logarithm of the likelihood is done using the Mathematica built-in function FindMini -
mum and the same options apply. (To find out all the options of FindMinimum use Options [FindMinimum].)

Example 6.9 Use the maximum likelihood method to fit an MA(1) model and an ARMAC(1,
2) model to the same data in Example 6.6.

The maximum likelihood estimate of the MA(1) model is obtained using MLEstimate.

In[35] := modell = MLEstimate[data, MAModel[{©:}, 1], {61, {0.73, 0.74}}]

out [35]= MAModel[{0.85219}, 1.40225]

Similarly, this is the maximum likelihood estimate of the ARMA(1, 2) model.

In[36] := model2 = MLEstimate[data, ARMAModel[{¢:1}, {61, 62}, 1],
{$1, {0.1, 0.2}}, {61, {0.6, 0.8}}, {62, {0.1, 0.3}}]

out [36] = ARMAModel [{-0.583367}, {1.36826, 0.415562}, 1.38683]

This gives the logarithm of the likelihood of the latter model.

In[37] := LogLikelihood[data, %]

out [37]= —-0.336211

A couple of points of explanation are in order before we look at the results of our estimation. First, choosing
good starting values for the parameters to be estimated is very important in the maximum likelihood estimation
since not only can bad initial values slow down the calculation, but also abort the calculation if they reach the
parameter region corresponding to nonstationary models. Since they are expected to be close to the values that
maximize the likelihood, the estimated parameter values from other estimation methods are usually used as
initial values for the maximum likelihood estimation as we have done here. This is why some authors call all
the estimates of ARMA parameters that are not based on maximizing the likelihood function preliminary
estimates, and use them primarily as initial values in maximizing the likelihood. Second, the alert reader may
have noticed that the noise variance is not entered as a symbolic parameter. This is because in the univariate
case, the likelihood function is independent of the noise variance and the noise variance is estimated separately
at the end. So it does not matter what we input for the noise variance in the argument of the model, it is simply
ignored. However, it is important that the noise variance should not be included in the parameter search list.
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This is because if extra parameters, which do not affect the value of the function being minimized, are included
in the search list, FindMinimum will fail to find a minimum.

Now we can select our model using AIC or BIC.

The MA(1) model is favored by AIC.

In[38] := {AIC[modell, 150], AIC[model2, 150]}

out [38]= {0.35141, 0.367018}

The MA(1) model is also favored by BIC.

In[39] := {BIC[modell, 150], BIC[model2, 150]}

out[39]= {0.371481, 0.427231}

Both AIC and BIC favor the MA(1) model over the ARMA(1, 2) model. This result may be surprising, after all,
we know that the data were generated from an ARMA(1, 2) model. However, when # is small it is possible that
other models can be fitted better to the data. More importantly, if the AR and MA polynomials ¢(x) and 6(x) of
an ARMA model have an approximate common factor of degree g, an ARMA(p — g, 4 — g) model rather than an
ARMA(p, 9) model is likely to be identified using information criteria.

In our example, the MA  polynomial 6(x)=1+02x-05x> can be factorized as
0(x) = (1 - 0.614143 x) (1 + 0.814143 x).

The MA polynomial 6(x) =1+ 0.2x - 0.5 x% contains a factor close to (1 — 0.6 x).

In[40] := Expand[(1 - 0.614143 x) (1 + 0.814143 x)]

out[40]= 1+0.2x-0.5x%2

We see that ¢(x) = (1 - 0.6 x) and 6(x) share an approximate factor. This is why the data behave like an MA(1)
model with 6; ~ 0.81.

The large discrepancy between the estimated ARMAC(1, 2) parameters and the "true" model parameters ¢; = 0.6,
61 =0.2, and 6, = -0.5 can also be explained by this accidental presence of an approximate common factor.
Consider a series of data {x;} from an ARMA(p, q) model, ¢(B) x; = 6(B) z;. It also satisfies an ARMA(p+g, 9+ 3)
model ¢(B) ¢(B) x; = c(B) 6(B) z;, where ¢(B) is a polynomial of degree g. If we fit an ARMA(p + g, 4 + ) model to
the data, there is no unique solution and the maximum likelihood method can show strong dependence on the
initial conditions.

For example, if we change the initial conditions, we get quite different estimates from those in Out [36].

In[41] := MLEstimate[data, ARMAModel[{¢:1}, {61, 62}, 1],
{¢$1, {0.1, 0.2}}, {61, {0.7, 0.75}}, {62, {-0.1, -0.2}}]

out [41]= ARMAModel[{-0.583366}, {1.36826, 0.415561}, 1.38683]
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Conditional Maximum Likelihood Method

It is well known that the exact maximum likelihood estimate can be very time consuming especially when p + g
is large. (We warn the user here that the function MLEstimate can be rather slow for large n or large number of
parameters.) Therefore, often, when the data length # is reasonably large, an approximate likelihood function is
used in order to speed up the calculation. The approximation is made by setting the initial g4 values of the noise
Zp, Zp-1, - Zp—g+1 t0 EZ; = 0 and fixing the first p values of X. The likelihood function so obtained is called the
conditional likelihood function (conditional on z, =z, 1=... =2, 41 =0 and on Xj, Xy, ..., X, being fixed at
X1, X2, --., Xp). Maximizing the conditional likelihood function is equivalent to minimizing the conditional sum

of squares function. So the conditional maximum likelihood estimate is the same as the conditional nonlinear
least squares estimate, and it is used as an approximation to the exact maximum likelihood estimate. Unlike the
case of the least squares estimate, the conditional maximum likelihood estimate of the noise variance is given by
the minimum value of the sum of squares divided by the effective number of observations n — p. The details of
the conditional likelihood estimate are explained in Harvey (1981), Sections 5.2 and 5.3. See also Wilson (1973).

The function
ConditionalMLEstimate [data, model]

can be used to fit model to data using the conditional maximum likelihood estimate. It numerically searches for
the maximum of the conditional logarithm of the likelihood function using the Levenberg-Marquardt algorithm
with initial values of the parameters to be estimated given as the arguments of model.

Example 6.10 Fit a model to the data in Example 6.6 using the conditional maximum
likelihood method.

We use the result from the Hannan-Rissanen estimate as our initial values. We can input the output of the
earlier calculation directly.

The first model in hrmodels is used as the initial model to get the conditional maximum likelihood estimate of an MA(1)
model.

In[42] := ConditionalMLEstimate[data, hrmodels[[1]]]

out [42]= MAModel[{0.860552}, 1.40202]

The second model in hrmodels is used as the initial model to get the conditional maximum likelihood estimate of the
ARMAC(1, 2) model.

In[43] := armal2 = ConditionalMLEstimate[data, hrmodels[[2]]]

out [43]= ARMAModel [{-0.0895185}, {0.885883}, 1.40502]

For a pure AR model, the conditional maximum likelihood estimate reduces to a linear ordinary least squares
estimate and no initial parameter values are necessary. We can if we like simply use

ConditionalMLEstimate [data, p]

to fit an AR(p) model to data.
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The Asymptotic Properties of the Maximum Likelihood Estimators

Often we would like to know the approximate standard errors associated with our parameter estimates. These
errors can be obtained from the asymptotic covariance of the estimators. Let § = (gbl, G2 ooy Pp, 1, 02, ..., 9,7)/ be

the parameters of a stationary and invertible ARMA(p, ) model and 8 the maximum likelihood or conditional
maximum likelihood estimator of 3. Then, it can be shown that as n — oo,

n'2 (B~ B)= N, V(B).
To calculate V for a univariate ARMA model we can use the function
AsymptoticCovariance [model] .

The function uses the algorithm given in Godolphin and Unwin (1983).

This gives the asymptotic covariance matrix V of the estimators of an MA(3) model.

In[44] :- AsymptoticCovariance [MAModel [{61 , 62, 63}, 02] ] ;

We display the covariance in matrix form.
In[45] := MatrixForm[%]

Out [45] //MatrixForm=

1-62 61 - 6, 63 B - 61 63
01-0,03 1+65-602-02 6,-6,0;
O, -6,65 6, -6,6; 1-62

Similarly, the asymptotic covariance matrix V of the estimators of an ARMA(1, 1) model is obtained but not displayed.

In[46] := AsymptoticCovariance [ARMAModel [ {d1}, {61}, 02] ] ;

This is the result after simplification.
In[47] := Simplify[%] // MatrixForm

out [47]//MatrixForm=

(1+61 ¢1)% (-1+03) (-1+6%) (1+61 ¢1) (-1+03)
- (61+01)2 - (61+01)2
(-1+6%) (1+61 ¢1) (-1+03) (-1+6%) (1+61¢1)2
- (61+01)2 - (61+01)2

Although the function AsymptoticCovariance works for univariate ARMA models of arbitrary orders, the
reader must be warned that with symbolic parameters the expressions can get very complicated with mixed
models of even relatively small orders. However, with numerical parameters the covariance matrix is simply a
(p + 9 x(p + ) numerical matrix.

In practice, the true parameter values are not known and the asymptotic covariance matrix is estimated by
replacing the true model parameters with the estimated parameters. Another way of getting the approximate
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asymptotic covariance matrix is to calculate the approximate information matrix whose inverse is the desired
covariance matrix. The approximation involves replacing the expectations with sample quantities. The function

InformationMatrix [data, model]

gives the estimated asymptotic information matrix from model and data.

Example 6.11 Estimate the asymptotic covariance matrix of the estimated ARMA(1, 2)
parameters in Example 6.10 using AsymptoticCovariance and inversion of Informa:
tionMatrix.

This is the estimated asymptotic covariance V using the function AsymptoticCovariance.

In[48] := AsymptoticCovariance[armal2]

out[48]= {{1.32592, -0.309932}, {-0.309932, 0.287658}}

We can also estimate V' by inverting the information matrix.

In[49] := Inverse[InformationMatrix[data, armal2]]

out[49]= {{1.32419, -0.307477}, {-0.307477, 0.286746}}

The standard errors of ¢;, 61, and 6, are given by the diagonal elements of V'V /1 .

This gives the standard errors of the estimated parameters.

In[50] := Sqrt[Diagonal[%] /150]

out [50]= {0.093957, 0.0437223}

Multivariate Case

All of the above parameter estimation methods can be generalized to include multivariate models. The basic
ideas are the same although the derivation and notation are considerably more involved. All the functions with
the exception of AsymptoticCovariance given so far have been coded so that they can be used directly for
multivariate cases.

However, for maximum likelihood estimate there is one difference between the univariate and multivariate
cases. In the multivariate case, the likelihood function is dependent on the covariance matrix, so the covariance
matrix elements should be input as symbolic parameters and included in the parameter search list. The estima-
tion of multivariate ARMA model can potentially involve large number of parameters even for small p and 4.
This can make the exact maximum likelihood estimation of the parameters computationally very slow. If in
some cases one or more parameter values are known, then they should not be input as symbolic parameters,
and they should not be included in the parameter search list. For example, in a bivariate AR(1) process, if for
some reason (¢1);, is fixed to be 0 then ARModel [{{{p1, 0}, {p3, p4}}}, {{s1, s2}, {s2, s4}}] should be input to
the function MLEst imate reducing the number of parameters to six.
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| Example 6.12 Fit a model to the given bivariate data using the Hannan-Rissanen method.

The random number generator is seeded first.

In[51] := SeedRandom[63 771]

This generates a bivariate time series of length 200 from the given ARMA(1, 1) model.

In[52] := datal = TimeSeries[ARMAModel[{{{0.5, 0.2}, {-0.1, 0.4}}},
{{{o.s8, -0.4}, {0.6, 0.3}}}, {{1, 0}, {0, 1}}], 200];

The Hannan-Rissanen procedure is used to select three models.

In[53] := hrmodels = HannanRissanenEstimate[%, 5, 5, 5, 3]

out [53]= {ARMAModel[{{{0.487217, 0.281219}, {-0.059466, 0.423744}}},

{{{0.778252, -0.425392}, {0.600632, 0.276561}}},
{{0.958697, 0.0856119}, {0.0856119, 0.837137}}],

ARModel [{{{1.22996, -0.125299}, {0.485357, 0.638093}}, {{-0.779748, 0.346898},

{-0.723771, -0.0687931}}, {{0.295731, -0.0832667}, {0.318696, —-0.0143152}}},

{{0.888135, 0.046069}, {0.046069, 0.83046}}],

ARMAModel [{{{0.862036, -0.231722}, {0.316163, 0.136316}},

{{-0.267936, 0.352856}, {-0.298955, 0.165516}}},

{{{0.402308, 0.0878135}, {0.223573, 0.5693881}}},
{{0.91445, 0.0637247}, {0.0637247, 0.809764}}]}

We obtain the orders of each of the three selected models.

In[54] := If[Head[#] === ARMAModel,
Head[#] [Length[#[[1]]], Length[#[[2]]]], Head[#][Length[#[[1]]]]] & /@ %

out [54]= {ARMAModel[1, 1], ARModel [3], ARMAModel[2, 1]}

We choose ARMA(1, 1) as our model, and use the conditional maximum likelihood method to further estimate
the model parameters.

We obtain the conditional maximum likelihood estimate of the selected model.

In[55] := ConditionalMLEstimate[datal, hrmodels[[1]]]

out [55]= ARMAModel [{{{0.53379, 0.187977}, {-0.0642834, 0.375942}}},
{{{0.721899, -0.374849}, {0.626417, 0.375031}}},
{{0.926471, 0.0453515}, {0.0453515, 0.779338}}]

Next we calculate the standard errors of the estimated parameters.

We first compute the asymptotic covariance matrix.

In[56] := Inverse[InformationMatrix[datal, %]]:;

The standard errors of {(®;,, 1, @y, ... , @} are given by the diagonal elements of V'V /7 .
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The standard errors are obtained.
In[57] := Sqrt[Diagonal[%] /200]

out [57]= {0.0709004, 0.0977617, 0.0636704,
0.0930485, 0.0688324, 0.0718582, 0.0750902, 0.0916497}

1.6.2 Diagnostic Checking

After fitting a model to a given set of data the goodness of fit of the model is usually examined to see if it is
indeed an appropriate model. If the model is not satisfactory, modifications are made to the model and the
whole process of model selection, parameter estimation, and diagnostic checking must be repeated until a
satisfactory model is found.

Residual Testing

There are various ways of checking if a model is satisfactory. The commonly used approach to diagnostic
checking is to examine the residuals. There are several alternative definitions of the residuals and here we

define the residuals to be the noise calculated from the estimated model. Let {g;)i} and {@i} be estimated ARMA
parameters and ¢(x) and 6(x) the corresponding AR and MA polynomials, the residual , is defined by
$(B)x; = O(B) 2. (6.5)

Or explicitly,

~—1 ~
2,=0 (B)¢(B)x; for t=1, ..., 1, (6.6)

where x; = 0 for t < 0. From (6.5) we see that if the fitted model is the "true" model, the residuals {Z;} should
behave like a white noise process with zero mean and constant variance. So the behavior of the residuals is used
to test the adequacy of the fitted model.

The first step in residual testing is to calculate the residuals given the fitted model and observed data. The
function

Residual [data, model]

gives the residuals {2;} for t=1,2, ..., n given the fitted model and observed data. Internally the function
iterates (6.6) with the starting values x; = 0 for t <0 and z; = 0 for t < 0.

| Example 6.13 Check if the fitted MA(1) model in Example 6.9 is adequate.

The residuals are calculated first.

In[58] := res = Residual[data, modell];
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Since the residuals are also ordered in time, we can treat them as a time series. As in the analysis of the time
series itself, the first diagnostic test in examining residuals is to plot them as a function of time to see if it
appears to be a stationary random sequence.

This plots the residuals.

In[59] := ListLinePlot[res, AxesLabel -> {"t", "z."}]

out [59] - lJMA/\VIWMA A MVM WMAA ﬂ ﬁ

t
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The graph gives no indication of deviation from stationary random noise. Often we also calculate the sample
correlation function of the residuals foz(k) and see if it behaves the way it should.

Correlation function of the residuals up to lag 40 is calculated.

In[60] := corr = CorrelationFunction[res, 40];

The correlation function is plotted along with the bounds +1 / vn.

In[61] := Show[plotcorr[corr], Plot[{2/Sqrt[150], -2/Sqgrt[150]}, {x, 0, 40},
PlotStyle -> {{Black, Dashing[{0.02}]}}], AxesLabel -> {"k", "p(k)"}]

p (k)

1.0¢

out [61]=
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Although the sample correlation of the residuals has smaller asymptotic variance than 1/ for small lags (see
Brockwell and Davis (1987), pp. 297-300), we nevertheless use +2 / Vn as a rough guide to see if the correla-

tions are significantly different from zero. In our example, 2 / V150 =0.16, and we see no reason to believe that

the residuals are not white noise.

Instead of looking at the correlation function of the residuals ,f)z(k) at each k, we can also look at the first h

correlation values together and test if the first /i correlations are zero (Hy). The portmanteau test is based on the
statistic

h
Qu=n(n+2) > p. W0 /-,

k=1

which has an asymptotic y? distribution with h — p — q degrees of freedom. If Q;, > x3_,(h — p — q), the adequacy
of the model is rejected at level . The function

PortmanteauStatistic [residual, h]

gives the value of Qj, for given residuals and /. Here we calculate the portmanteau statistic using the residuals
we obtained above for i = 35.

This gives the portmanteau statistic Qs3s.

In[62] := PortmanteauStatistic[res, 35]

Out [62]= 29.2422

This number is compared with x35(34), which can be obtained as follows.

This gives )(%'95(34).
In[63] := Quantile[ChiSquareDistribution[34], 0.95]

out [63]= 48.6024

Since this number exceeds the portmanteau statistic, we accept the fitted model model1 as adequate.

For an m-variate time series the portmanteau statistic Qj, is (see Granger and Newbold (1986), p. 250 and Reinsel
(1993), p. 134)

h
Qu=r?) Tr (f'(k) O ffl(O)) / -k, 6.7)

k=1

where I is the covariance matrix of residuals. The statistic has an asymptotic y? distribution with m*(h —p - q)
degrees of freedom. The same function PortmanteauStatistic can be used to compute (6.7).
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There are various other tests for checking the randomness of the residuals. These tests are often easily imple-
mented with Mathematica and the reader is urged to try them. Here we show how the turning points test and
difference-sign test can be implemented. (See Kendall and Ord (1990), pp. 18-23.)

Turning Points Test

Let {x1, x2, ..., x,,} be a time series. x; is a turning point if x;_; < x; and x;,; < x; or x,_; > x; and x;,; > x;. In other
words, a turning point is a local extremum (a peak or a trough). Let T denote the number of turning points. If
the series is a realization of an identically and independently distributed (IID) random process, then T has an
asymptotic normal distribution with mean ur = 2 (n — 2) /3 and variance % = Var(T) = (16 n - 29) / 90.

Example 6.14 Use the turning points test to see if the above residuals (n = 150) are
random.

temp is a list consisting of the signs of x; — x;_; fori =2, 3, ..., n.

In[64] := temp = Sign[Differences[res]];

Count counts the number of occurrences of the adjacent elements with opposite signs, that is, the number of turning points.

In[65] := Count[Rest[temp] Most[temp], -1]

out [65]= 104

This calculates (T — ur)/o.
Tni66]:= N[(98 - 2 (150 - 2) /3) /Sqrt[ (16150 - 29) /90]]

out [66]= —0.129887

The result is well within two standard deviations.

The Difference-Sign Test

In this test, the number of times x; > x;_q, or x; — x;_; is positive is counted. If the series is random we expect this
number to be (1 —1)/2. If the number of times x; > x;_; is far from (n—1)/2, a trend is likely present in the

series.

Using Count we can easily get the number of times x; — x;_; is positive.

In[67] := Count[Sign[Differences[res]], 1]

out [67]= 80

The deviation of this count from the mean (n-1)/2 can then be compared with the standard deviation
o = ((n +1)/12)2. In this case the deviation is within two o.
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Now that we have explored methods to estimate the parameters of an appropriately chosen model we turn to
one of the main purposes of time series analysis, forecasting or predicting the future values of a series. In this
section we discuss some forecasting methods commonly used in time series analysis. We first present the best
linear predictor and its derivation in the infinite sample limit. Then we derive the approximate best linear
predictor often used to speed up the calculation. We show how to write a program to update the prediction
formula when new data are available and also introduce the simple exponential smoothing forecast procedure.

1.7.1 Best Linear Predictor

Suppose that the stationary time series model that is fitted to the data {xy, x2, ..., x,} is known and we would
like to predict the future values of the series X,11, Xy42, ..., X,,,;, based on the realization of the time series up to

time n. The time 7 is called the origin of the forecast and / the lead time. A linear predictor is a linear combination
of {Xi, Xo, ..., X,} for predicting future values; the best linear predictor is defined to be the linear predictor with

the minimum mean square error. Let X, (h) = Zfz_ol a; (h) X,,_; denote the linear predictor for X, at lead time h
with the origin n and e,(h) = X,,,;, - X,.(h) the forecast error. Finding the best linear predictor is reduced to

R 2
finding the coefficients a;(h), i=0, 1, ..., n—1, such that the mean square error Eefl(h) = E(Xn = Xn(h)) is a

minimum.

Although the idea is straightforward, the derivation of the best linear predictor is too involved to be presented
here. A detailed derivation of the best linear predictor using the projection theorem and the innovations algo-
rithm is provided in Brockwell and Davis (1987), Chapter 5, pp. 159-177.

The function
BestLinearPredictor [data, model, h]

gives the best linear prediction and its mean square error up to & time steps ahead based on the finite sample
data and given model. It uses the innovations algorithm to calculate the forecasts and their errors. Here the
errors are obtained under the assumption that the model is known exactly. Estimated model parameters can
give rise to additional errors. However, they are generally negligible when n is large. See the discussion in
Harvey (1981), p. 162.

Example 7.1 In Example 6.9 we have fitted an MA(1) model to the data generated in
Example 6.6. Use this information to find the best linear prediction for the next five values
in the series.

This loads the package.

In[1] := Needs["TimeSeries TimeSeries "]



1.7: Forecasting 91

This seeds the random number generator.

In[2] := SeedRandom[31857];

We generate the data as in Example 6.6.

In[3]:= data = TimeSeries[ARMAModel[{0.6}, {0.2, -0.5}, 2], 150];

This is the estimated model from Example 6.9.

Tn[4]:= modell = MAModel[{0.765687}, 2.13256]

out [4]= MAModel[{0.765687}, 2.13256]

We predict the next 5 values of the series based on the data and the fitted model model1.

In[5] := BestLinearPredictor[data, modell, 5]

out[5]= {{0.474638, 0., 0., 0., 0.}, {2.13256, 3.38283, 3.38283, 3.38283, 3.38283}}

The first entry of the above list is the prediction for the next five values of the series; the second entry, mean
square errors of the prediction. Note that for an MA(q) model, X,,(h) = 0 for I > g since after g time steps we lose
all previous information and the best we can predict is the mean value of the series which is zero.

1.7.2 Large Sample Approximation to the Best Linear Predictor

It turns out that in the large sample limit (17 — o) the best linear predictor can be derived and calculated in a
much simpler fashion. In the following we derive the best linear predictor in the infinite sample case, and from
there derive an approximate formula for calculating the best linear predictor when # is large.

Best Linear Predictor in the Infinite Sample Case

A stationary ARMA(p, q) process at time n + h is given by

Xn+h =¢ Xn+h—1 + ¢ Xn+h—2 +...F ¢p Xn+h—p + Zn+h + 6 Zn+h—l +... gq Zn+h—q' (7~1)

Since X; is a random variable, it is reasonable to use its expectation as our predicted value, taking into account
the information we have for X; at t =n, n -1, .... (This subsection is the only place where we assume that we

have data extending to the infinite past) So if X,(h) denotes the forecast i steps ahead, we define
)A(,,(h) = EX,4 | X, Xy-1, ...), the conditional expectation of X,,,;, given {X,,, X,_1, ... }. On taking the conditional
expectation on both sides of (7.1) and letting Zn(t) =E(Z, | X, X21, ..., X1, ...), we obtain,

Xu(h) = 1 X = 1)+ $2 KW =2) + .o + Zy(h) + 61 Zy(h= 1) + .. +6; Z,(h —q). (7.2)
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Equation (7.2) can be used recursively to obtain the forecast values of X, for k=1, 2, ... once we know the

right-hand side of (7.2). It is easy to see that for i1 < 0, )A(n(h) and Zn (h) are simply the realized values of X,,,;, and
Z,.,, respectively,

Xn(h) = Xn+h/ (73)

and

Zy(h) = Z 1 (7.4)
and for /1 > 0, since the future values of the noise are independent of X; (t < n), we have

A

Z.(h) = 0. (7.5)

X,,(h) obtained from (7.2) using (7.3) to (7.5) is, in fact, the best linear predictor. To see this we show that the
mean square forecast error of X,,(h) is minimum. Consider an arbitrary predictor X,(h) which is linear in X;,
i < n. It can be rewritten in terms of {Z;} as X, (h) = 32, ng. Z,.n-i- The sum starts at i = h because future noise has

no influence on our prediction. Now consider its mean square error

h-1 00
E (X~ Kol = 2 [wa+z<¢f—@>2]' 76
j=0 j=h

where we have used the expansion X,,,;, = Z]?'zo ¥; Zyp-j (see (2.9)). The mean square error in (7.6) achieves its
minimum value if y; = (Zj. But this is exactly the case for the expansion of X, (h) in terms of {Z;} since (7.2) has

the same form as the ARMA equation governing X,,,;, (7.1). Therefore, X,,(h) is the desired best linear predictor.
Its forecast error is given by

h-1

e (1) = > i Zai (7.7)

j=0
and its mean square forecast error is given by

h-1

E (X — 5(,1(11))2 =02 Zw]z (7.8)
j=0
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Approximate Best Linear Predictor

Where does the assumption of an infinite sample enter in the above derivation? It is used when we replace
EZ: | Xy, Xp-1, ...) by Z; for t <n (see (7.4)). This is true only if we know the series all the way back to the
infinite past (i.e.,, we have an infinite sample) since knowing a finite number of data points X, ..., X; does not
determine Z; completely. To see this we recall that an invertible ARMA model can be written as
Z;=0'B)¢p(B)X; = 20T X;_;. So only if we have infinite data points can we replace the conditional expecta-
tion by Z;. Although in practice we invariably have a finite number of observations, the above derivation of the
best linear predictor in the infinite sample limit nevertheless enables us to develop a way of calculating the
approximate best linear predictor when # is large.

Let X,(h) = EXn | X0, Xy-1, ..., X1) and Z,(h) = E(Z,. | X4, Xu1, ..., X1). For an invertible model, the =«
weights decrease exponentially, and for large n it is a good approximation to truncate the infinite sum and
write,

n+h-1
Zyn = Z 7 Xyphei- (7.9)
i=0

Note that Z,,;, in (7.9) is just the residual defined in (6.6) since truncating the infinite sum is the same as setting
X; =0 for t = 0. Under this approximation we again arrive at Zn(h) = Z,. for h <0, the same result as in (7.4).
With (7.3) to (7.5) and (7.9), (7.2) provides a recursive way of computing the predicted values of X, for

h=1,2,.... This is often used as an approximate best linear predictor in the finite but large sample case to
speed up the calculation. However, we must keep in mind that only when 7 is sufficiently large and the model
is invertible is the approximation good.

Although (7.9) is used to get the approximate predictor for the finite sample case, the mean square error of the
best linear predictor in the infinite sample case, (7.8), is used to approximate that in the finite sample case. This
can underestimate the real error corresponding to the given predictor, but it makes little difference when the
model is invertible and n is large. To get the approximate best linear predictor and its mean square error
defined by (7.2) to (7.5), (7.9), and (7.8), we can simply use the same function for getting the exact best linear
predictor BestLinearPredictor and set its option Exact to False.

In the rest of the section we give some examples of using BestLinearPredictor to get both exact and approxi
mate best linear predictions.

Example 7.2 For an AR(1) process X1 = ¢1 X + Z;, (7.2) gives )A(n(l) = ¢ X,, and
5(” (h) = ¢]f X,,. The mean square error is o2 ZZ:J (D% ! which is obtained by first noting that

Y = ¢/1 and by using (7.8).
These are the predicted values and their mean square errors.
In[6]:= BestLinearPredictor[{xl, x2, x3}, ARModel [{¢1} , 02] , 4]
out[6]= {{x3 1, x3 07, x3¢3, x3 1}, {0°, 0 (1+01), 0 (1+01 +¢7), 0* (1+¢7 + o7 +¢3)}}

We see that for a stationary time series the predicted value converges to the mean of the series (=0) and the
mean square error of the forecast converges to the variance of the series (=0) for large h. Also when the time
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series is an AR process, Z,,,;, for h <0 does not appear in (7.2), so the assumption of infinite sample does not

come in and no approximation is made. So even if we set Exact -> False, (7.2) to (7.5) and (7.8) give the exact
finite sample best linear predictor and its mean square error. However, when the MA part is present, the approxi
mation can make a difference as in the following example.

Example 7.3 Given the first 15 data points of a time series generated from the MA(2)
process Xy = Z; +052Z;1 - 127, (02 = 1), find the predictions for the next four data
points and their mean square errors.

We first define the model as ma2 to avoid repeated typing.

In[7] := ma2 = MAModel[{0.5, -1.2}, 1];

The random number generator is seeded first.

In[8] := SeedRandom[1093]

This generates a time series of length 15.

In[9] := madata = TimeSeries[ma2, 15];

These are the exact best linear predictions and their mean square errors.

In[10] := BestLinearPredictor [madata, ma2, 4]

out[10]= {{-0.0558164, 0.548794, 0., 0.}, {1.89171, 1.92927, 2.69, 2.69}}

However, if we try to perform the same calculation approximately, we obtain different results.

This gives the approximate best linear predictions.

In[11] := BestLinearPredictor[madata, ma2, 4, Exact -> False]

out[11]= {{123.22, -107.172, 0., 0.}, {1, 1.25, 2.69, 2.69}}

The reason that we get totally different forecasts is that the model is not invertible.

The model is not invertible.

In[12] := InvertibleQ[ma2]

out [12]= False
So the approximation (7.9) is not valid.

On the other hand, for an invertible model and a large data set, the approximation can be very good and it is
often used to speed up calculations. The following example is for an invertible MA(2) model with 100 data
points.
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Example 7.4 Calculate the prediction for the next four data points given the first 100 data
points generated from the model X; = Z; - 0.5 Z;_; + 0.9 Z;_,. The noise variance is 1.

We define the model to be model.

In[13] := model = MAModel[{-0.5, 0.9}, 1];

The random number generator is seeded first.

In[14] := SeedRandom[1093]

This generates the time series.

In[15] := data = TimeSeries[model, 100];

The exact best linear prediction is obtained.

In[16] := BestLinearPredictor[data, model, 4]

out[16]= {{1.82978, -0.855409, 0., 0.}, {1., 1.25, 2.06, 2.06}}

This yields the approximate best linear prediction.

In[17] := BestLinearPredictor[data, model, 4, Exact -> False]

out[17]= {{1.83237, -0.851662, 0., 0.}, {1, 1.25, 2.06, 2.06}}

Again X,(h) =0 for h > q. (See the remark after Example 7.1.) Also for an MA model ¢; = 6; (6p = 1) the mean
square error given by (7.8) is o2 ¥ 6> for h > q.

A natural question is how large n has to be in order to get a very good approximation to the best linear predic-
tion. It depends on how close to the unit circle the zeros of the MA polynomial are. The closer the zeros are to

the unit circle, the slower the 7 weights decrease and the larger the n required to ensure the validity of (7.9). We
can explicitly find the absolute values of the roots of 6(x) = 0 in the above example.

Here are the absolute values of the roots.

In[18] := Abs[x /. Solve[l - 0.5x + 0.9x72 == 0, x]]

out[18]= {1.05409, 1.05409}

It appears that n = 100 gives an adequate approximation.

Example 7.5 For the invertible ARMA(1, 2) process X; —09X;_1 =Z; -04Z;.1+08Z;_,,
the two roots of 6(x) = 0 have an absolute value around 1.12. We expect that the
approximation will be good even for moderate n. This is indeed the case as we see below.

This defines the model.

In[19] := model = ARMAModel[{0.9}, {-0.4, 0.8}, 1];
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The random number generator is seeded.

In[20] := SeedRandom[9387]

This generates a time series of length 50.

In[21] := data = TimeSeries[model, 50];

This yields the exact best linear prediction.

In[22] := BestLinearPredictor[data, model, 4]

{{3.79618, 3.76456, 3.3881, 3.04929}, {1., 1.25001, 2.8125, 4.07813}}

out [22]

Here is the approximate best linear prediction.

In[23] := BestLinearPredictor[data, model, 4, Exact -> False]

out [23]= {{3.79627, 3.76543, 3.38889, 3.05}, {1, 1.25, 2.8125, 4.07813}}

We see that in this case for n = 50 the approximate prediction is in good agreement with the exact best linear
prediction.

1.7.3 Updating the Forecast

Another advantage of using the approximate forecast formula is that the forecast can be easily updated when
new observations are available. From (7.7) the forecast error for the prediction 5(,1(}1) is given by
en (h) = X, — Xy (h) = zj?;ol U; Zy - And the difference e, + 1) — e,41(h) is X,1(h) = Xy (i + 1) = Y, Z,.1. Setting

h=1wegetZ,,1 =e,(1) = X411 — 5(”(1). So we have

Xus1 () = Xy(h + 1) + ¥ (Xa1 = X, (D). (7.10)

This is the desired formula for updating the forecast. That is, once X,,,; is known, we know the actual forecast
error e,(1), and the forecast value for X,,,,; is modified by a quantity proportional to e,(1). Equation (7.10)
allows us to get the forecasts based on 7 + 1 observations from the forecasts based on n observations. Note that
the updating formula is for the approximate best linear predictor only.

As an exercise, let us try to write a program implementing (7.10). We want to find the forecasts
{5(,”1(1), ey 5(”+1(h)} of the time series given the model, the old forecast values {5(”(1), ey 5(,1(}1 + 1)}, and the
new available value X,,.1. The ¢ weights can be obtained by extracting the first argument of ToMAModel. A
simple function that performs the updating can be written as follows.

This defines a function to do the updating.

In[24] := newforecast[oldcast ?VectorQ, model_ , newvalue ] :=
Rest[oldcast] + (newvalue - oldcast[[1l]]) ToMAModel [model, Length[oldcast] - 1][[1]]
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Example 7.6 Here is an example using the function newforecast to update the forecast
of the ARMA(1, 1) model X; =0.5X;, -1+ 27, - 0.7 Z;_;.

We first define the ARMA(1, 1) model to be model.

In[25] := model = ARMAModel[{0.5}, {-0.7}, 1];

This seeds the random number generator.

In[26] := SeedRandom[94 387]

This generates the time series data.

In[27] := data = TimeSeries[model, 50];

Suppose that only the first 40 data points are available and we predict the next four points.

Here is the prediction for the next four points based on 40 data points.

In[28] := BestLinearPredictor[Take[data, 40], model, 4, Exact -> False]

out[28]= {{0.0655937, 0.0327968, 0.0163984, 0.00819921}, {1, 1.04, 1.05, 1.0525}}

When the 41 data point is given, the prediction based on the 41 data points can be obtained from the old
prediction using newforecast.

Here is the prediction for Xyp, X43, and Xy4.
In[29] := newforecast[%[[1]], model, data[[41]]]

out [29]= {0.0035147, 0.00175735, 0.000878675}

Note that the new forecast has a different lead time as well as forecast origin. Note also that the mean square
forecast errors are not updated. They are given by (7.8) and remain the same independent of the forecast origin
since they are the mean square forecast errors in the infinite sample case.

These updated forecast values are indeed the same as those had we done the forecast with 41 data points in the
first place.

This gives the prediction for the next three points based on 41 data points.

In[30] := BestLinearPredictor[Take[data, 41], model, 3, Exact -> False]

out[30]= {{0.0035147, 0.00175735, 0.000878675}, {1, 1.04, 1.05}}

Example 7.7 Suppose more than one new observation is made available, we can
recursively update the forecast using the Mathematica internal function Fold and newfore-
cast defined above. Suppose initially we make a forecast of a lead time 10 based on n = 40
data points and later 5 new data points are obtained. We can update our forecast based on
the new available information as follows. (The same data and model as in Example 7.6 are
used to illustrate this.)
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We denote the first 40 data points datao0.

In[31] := data0 = Take[data, 40];

We denote the next 5 data points newdata.

In[32] := newdata = Take[data, {41, 45}];

This is the prediction.

In[33] := BestLinearPredictor[data0, model, 10, Exact -> False]

out [33]= {{0.0655937, 0.0327968, 0.0163984, 0.00819921, 0.00409961,
0.0020498, 0.0010249, 0.000512451, 0.000256225, 0.000128113},
{1, 1.04, 1.05, 1.0525, 1.05313, 1.05328, 1.05332, 1.05333, 1.05333, 1.05333}}

This updates the above prediction.

In[34] := Fold[newforecast[#1, model, #2] &, %[[1]], newdata]

out [34]= {0.00671743, 0.00335871, 0.00167936, 0.000839678, 0.000419839}

We get the same result using the forecast origin 11 = 45.

In[35] := BestLinearPredictor [Take[data, 45], model, 5, Exact -> False]

out[35]= {{0.00671743, 0.00335871, 0.00167936, 0.000839678, 0.000419839},
{1, 1.04, 1.05, 1.0525, 1.05313}}

1.7.4 Forecasting for ARIMA and Seasonal Models

The above forecast formulas can be generalized to the special nonstationary case of an ARIMA process. An
ARIMA(p, d, q) process after differencing d times is an ARMA(p, q) process, and if it is stationary, we can use the
formulas outlined above to forecast future values and then transform back ("integrate") to get the forecast for
the ARIMA model. For the derivation of the best linear predictor for ARIMA models, see Brockwell and Davis
(1987), p. 304. For SARIMA models, we can expand its seasonal and ordinary polynomials and write it as an
ordinary ARIMA model, and the prediction methods above can be used similarly.

Example 7.8 Forecast a SARIMAC(1, 2, 0) (2, 2, 2); model
(1-B)(1-B%*)(1-05B)(1-04B*+08B°%)X; =(1-0.3B+0.7B%) Z,.

We define the model.

Tn[36] :~ model = SARIMAModel[{1, 1}, 3, {0.5}, {0.4, -0.8}, {-0.3, 0.7}, {}, 11;

This seeds the random number generator.

In[37] := SeedRandom[37561]
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This generates the time series.

In[38] := TimeSeries[model, 100];

We obtain the prediction for the next five values.

In[39] := BestLinearPredictor[%, model, 5]

out[39]= {{203.722, 207.506, 204.199, 197.286, 202.619}, {1., 2.44, 6.44, 20.88, 39.1984}}

Since the model is not stationary, the mean square forecast error in fact diverges as the lead time i — co.

There is another point worth noting. So far we have assumed that there is no constant term present in our
definition of an ARMA model (see (2.3)), and any constant term can be transformed away simply by subtracting
the mean from a stationary process. However, in a nonstationary model like ARIMA or SARIMA model, the
constant term cannot be transformed away directly and we have to first difference the process to get a station-

ary process Yy = (1 - BS)D (1 - By X;. Now {Y} is stationary and any constant can be transformed away as before.

Predicting the future values of an ARIMA or SARIMA process with a constant term involves a further complica-
tion. We must first difference the data to get {y; = (1 - BS)D (1- By x¢}, then subtract the sample mean ¥ of {y;}
from the differenced series. After getting the predicted y — 7 values, we need to add the sample mean back to
get i/. To get the prediction for x, we can use the function

IntegratedPredictor [data, {d, D}, s, §1.

Here data are the original data and yhat is the predicted values for the process {Y;}. The prediction errors are
given as if the constant were not there. (See Example 9.2 for an illustrative use of IntegratedPredictor.)

I Example 7.9 Forecast of the ARIMA(O, 1, 1) model X; = X;_1 + Z; + 61 Z;_1.

The approximate best linear predictor gives (see (7.2)) 5(,,(1) =X, +6; Z, and )A(n (h) = )A(n (h-=1)forh=2,3,....
So the forecast is a constant independent of /. Z,, is calculated from (7.9) and the forecast can be written as

n-1

X () = (1+60) ) (=60 X,y = (1+61) X = 6 Ky (D). (7.11)
i=0

That is, the forecast for an ARIMA(0, 1, 1) process is an exponentially weighted average of past observations.

This seeds the random number generator.

In[40] := SeedRandom[305908]

This generates the time series from the ARIMA(0, 1, 1) model.

In[41] := data = TimeSeries[ARIMAModel[1l, {0}, {-0.3}, 1], 20];
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Note that the prediction is a constant independent of the lead time.

In[42] := BestLinearPredictor[data, ARIMAModel[1l, {0}, {-0.3}, 1], 3, Exact -> False]

out[42]= {{2.38559, 2.38559, 2.38559}, {1, 1.49, 1.98}}

1.7.5 Exponential Smoothing

There are other ways of forecasting future values. One commonly used forecast method is called exponential
smoothing. In Example 7.9, we showed that the approximate best linear predictor for an ARIMA(0, 1, 1) process
is given by an exponentially weighted average of past observations. The exponential smoothing method of
forecasting is given by the same formula, that is, the forecast is the weighted average of past observations with
more weight given to the more recent past values and exponentially decreasing weights for earlier values. If we
define the smoothing constant a =1+ 6; , (7.11) becomes

Xuh) = a X, + (1 =a) X, 1 (1) = Xa (D) + (X, = X1 (D). (7.12)
This is the forecast formula using exponential smoothing. The function

ExponentialMovingAverage [data, al

gives the X;(1) for i =1, ..., n using (7.12) with smoothing constant a and starting value x,, the first entry in
data. We see that the approximate best linear predictor for ARIMA(O, 1, 1) model corresponds to exponential
smoothing with a smoothing constanta = 1 + 6; and xy = 0.

This is the predicted value for X»; using the exponential smoothing method for the data in Example 7.9.

In[43] :- ExponentialMovingAverage[Join[{0}, data], 0.7][[-1]]

out [43]= 2.38559

1.7.6 Forecasting for Multivariate Time Series

The above forecast formulas and functions for univariate time series can be generalized directly to the multivari-
ate case. Here the forecast Xn(h) is a vector, and the mean square errors are now error covariance matrices and
(7.8) becomes Z;:ol ¥; 2% The function newforecast we wrote earlier for updating the forecast should be
modified to incorporate the matrix nature of the £ and ¥ weights.

This defines newforecast for the multivariate case.

In[44] := newforecast[oldcast ?MatrixQ, model_ , newvalue ] :=
ToMAModel [model, Length[oldcast] - 1][[1]]. (newvalue - oldcast[[1l]]) + Rest[oldcast]
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| Example 7.10 Forecast a bivariate ARMA(1, 1) model with forecast origin 30 and lead time 3.

This defines the model.

Tn[45] :~ model = ARMAModel[{{{0.3, -0.1}, {0.8, -0.5}}},
{{{0.2, -0.5}, {0.2, 0.9}}}, {{1, 0}, {0, 1}}]:

The random number generator is seeded.

In[46] := SeedRandom[34069]

This gives the prediction for the next three values of the series and the error covariance matrices.
In[47] :- BestLinearPredictor[TimeSeries[model, 30], model, 3]
out [47] = {{{0.360291, -0.120058}, {0.120093, 0.348262}, {0.00120175, -0.0780564}},

{{{1 —3.64316><10’10}, {73.64316x10’1°, 1}}
{{1.61, 0.26}, {0.26, 2.16}}, {{1.6609, 0.4046}, {0.4046, 2.6324}}}}



1.8 Spectral Analysis

We have so far studied stationary time series in terms of quantities that are functions of time. For example, the
covariance function and correlation function are functions of the time lag. This approach is termed time series
analysis in the time domain. Another approach is to analyze the time series in Fourier space or in the frequency
domain. Although theoretically it provides a different representation of the same information, this approach can
yield both powerful numerical methods of analysis and new insights. The techniques used in the frequency
domain fall under the general rubric of spectral analysis and the fundamental tool is the Fourier transform. In
this section we study time series in the frequency domain. First we introduce the concept of power spectrum
and illustrate how to obtain the spectrum of a given ARMA process. Then we discuss how to get the estimated
spectrum from time series data. Smoothing of spectra in both the time and frequency domains using various
windows is also demonstrated.

1.8.1 Power Spectral Density Function

In the time domain we have investigated the covariance or correlation function of a stationary time series.
Alternatively, we can study the (power) spectral density function or simply the (power) spectrum as a function of the
frequency w. The spectrum of a stationary time series f(w) is the counterpart of a covariance function in fre-
quency domain. That is, it is the Fourier transform of the covariance function y(k) and vice versa:

1 (o)
- k —ikw
f (w) o k}_my( )e (8.1)
and
y (k) = f fwe*dw. (8.2)

Here the covariance function y(k) is assumed to satisfy }.= |y(k)| < co (i.e., y(k) is absolutely summable). Since
y(k) = y(=k), (8.1) can also be written as

1 (58]
fw)= E{y(O)MZy(k)cos(kw) :

k=1

We can immediately identify the following properties of the spectrum f(w): (a) f(w) is 2 n-periodic, that is,
f(w) =f(w+2nj) (j integer), and (b) f(w) is real and even (f(w) = f(—w)). These properties of f(w) make it suffi-
cient to consider the spectrum in the range 0 < w < 7.

Setting k=0 in (8.2), we have o2 = f_ 7;]" (w)ydw. We see that the total variance of the process can be

"decomposed" into contributions from different frequencies, and f (w) d w represents the contribution to the total
variance of the components in the frequency range (w, w +d w).
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Again we caution the reader that conventions differ. Some authors define the spectrum with different factors.
Others use the correlation function instead of covariance function in (8.1) to define the spectrum. We call this
the normalized spectrum and use (8.1) as our definition of the spectrum.

| Example 8.1 Use (8.1) to find the spectrum of a white noise.

The covariance function of a white noise process is given by y(0) = o2, y(k) = 0 for k # 0. From (8.1) its spectrum
is f(w) = 0 /(2 7). It is independent of w and its plot against frequency is "flat". This means that each frequency

contributes equally to the variance and thus the name white noise.

1.8.2 The Spectra of Linear Filters and of ARMA Models

In this section we will derive the spectrum of a filtered process and of an ARMA process from the definitions
given in Section 1.8.1. We will assume that the appropriate transformations have been made to render the
process under consideration zero-mean and stationary.

Spectrum of a Linear Filtered Process

We have introduced the concept of a time-invariant linear filter in Section 1.4. Now we want to look at the effect
of filtering on the spectrum of a process. Let {Y;} be a stationary, zero-mean process with spectrum fy(w) and
X; = Z]?‘i_oo ¥;Y;_;. The (constant) filter weights {y;} satisfy %7

function and (8.1), it is straightforward to show that the spectrum of the filtered process {X;} is given by

¢//]-| < oo. Using the definitions of covariance

2
fx(@) = T(w) fr(w) = ()| fr(w). (8.3)
So if {X;} is the process obtained from application of a linear filter of weights {Y;} on {Y}, the spectrum of {X;} is

2, where ¢ (e‘i”) =22 oY el is called

fj=—oo

simply the spectrum of {Y;} multiplied by the weight function |w(e‘i”)
the transfer function of the filter and the squared modulus |¢/(€‘“")|2 = T(w) the power transfer function of the filter.

. 2
Note y(e™*) is also called the frequency response function, and some authors refer to |1//(e"“’)| as the transfer

function.

As an exercise let us write a little program to calculate the power transfer function T(w) of a given linear filter.
We assume that only a finite number of filter weights are nonzero (i.e., y; =0 for |j| larger than a positive

number M). With this assumption, as we have pointed out before, we can always treat a linear filter as a causal
(or one-sided) one (i.e., Y; =0 for j < 0) since doing so only amounts to a "time shifting" in time domain or an

extra phase factor in the transfer function, and it leaves the power transfer function invariant. Therefore, the
filter weights can be input in the form weight = {yo, Y1, ¥2, ..., Yum}).

This loads the package.

In[1] := Needs["TimeSeries TimeSeries "]
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The transfer function for a list of weights weight can be defined as

Table [E* (-Iw3), {j, 0, Length[weight] - 1}].weight

Calling the expression for the transfer function t £, the power transfer function can be defined as
tf * (tf /. a_Complex -> Conjugate[al)

A complex number a = x + iy is represented in Mathematica as Complex [x, y]1. The complex conjugate of t £ is
obtained by replacing each complex number in t £ by its conjugate.

Using the above two lines, we can define a Mathematica function called powertransferfunction, which

computes |Lﬂ(e‘i“’)|2 given the filter weights {w]-} and the frequency variable w as arguments.

We define a function to calculate the power transfer function.

In[2] := powertransferfunction[weight List, «_ ] :=Module[{tf},
tf = Table[E" (-Iwj), {j, 0, Length[weight] - 1}].weight;
Simplify[ExpToTrig[Expand[tf (tf /. a Complex -> Conjugate[a])]]]]

| Example 8.2 Find the power transfer function of a simple moving average.

A simple moving average of order M is a linear filter of weights Y= 1/M for j=0,1,..., M-1 and Y= 0

otherwise. We use the function defined above to find the power transfer function of the simple moving average
filter of order 5.

This is the power transfer function of a moving average of order 5.

In[3] := powertransferfunction[Table[1/5, {5}], w]

1
out[3]= — (1 +2Cos[w] +2Cos|[2 w])2
25
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We plot the above power transfer function.

In[4] := Plot[%, {w, 0, Pi}, PlotRange -> All, AxesLabel -> {"w", "T(w)"}]

out [4]=

The power transfer function of the filter has a maximum at w = 0 and is rather small at "high" frequencies. Since
the spectrum of the filtered process is the original spectrum multiplied by this function, we see that the effect of
the moving average is to suppress the high frequency (short time) part of the spectrum in the original process
and retain the low frequency (long time) spectrum. The kind of filter is called a low-pass filter. This is why we
can use the moving average to eliminate short time fluctuations and, thus, estimate long-term trends.

Spectrum of an MA(g) Process

An MA(q) process can be thought of as a white noise process {Z;} passed through a linear filter of weights
{1, 61, 6y, ..., 6,}. From (8.3) an MA(q) process has the spectrum

. 2 0'2 . 2
fe(@) = |07 falw) = — |o(e)
2r

4

where fz(w) = / (2m) is the white noise spectrum, and 6(x) is the wusual MA polynomial
(Ble™) =146, + 6,2 + ... + 0, ¢71%). To get the spectrum of an MA process we can use the function

Spectrum.
Spectrum [model, w]

gives the spectrum of an ARMA type of model as a function of frequency w and its code resembles the above
demonstration program. (We can also obtain the same MA spectrum by finding the power transfer function and
multiplying it by the white noise spectrum.)
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I Example 8.3 Find the power spectrum of an MA(1) process X; = Z; + 61 Z;_;.

This gives the spectrum of an MA(1) process.

In[5] := Spectrum[MAModel[{el}, 02], w]

0? (1+2 Cos[w] €, +67)

Out [5] =
27T

We see that the spectrum of an MA(1) process is the otherwise flat white noise spectrum multiplied by a weight
function (power transfer function), which depends on w. Since cos w is monotonically decreasing for w in [0, 7],
as the frequency w increases f(w) decreases for positive ; and increases for negative 6;. Also since the covari-
ance function at lag 1, ¥(1), is 6;, a negative 6; can cause the series to fluctuate rapidly and we expect large
contributions to the variance at high frequencies. This is indeed the case as we see in the following graph.

Here is the MA(1) spectrum for 6; = —~0.8 and 0> = 1.% /. {0 ->1, 6; -> -0.8} is used to replace s and t1 in the above
expression with the corresponding values.

In[6]:= Plot[% /. {oc -> 1, 6, -> -0.8}, {w, 0, 7w}, AxesLabel -> {"w", "f(w)"}]

Oout [6] =

T T S T T S T I S S S E '
w

0.5 1.0 1.5 2.0 2.5 3.0

As an exercise we can plot spectra of different MA models just to develop some intuition. For example, let us
find and plot the spectrum for an MA(2) model with §; = —0.5 and 6, = 0.9.

This calculates the spectrum of the MA(2) model.

In[7] := Spectrum[MAModel[{-0.5, 0.9}, 1], w];
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Here is the plot of the spectrum. Evaluate is used inside the Plot to speed up generation of the plot.
In[8] := Plot[Evaluate([%], {w, 0, x}, AxesLabel -> {"w", "f(w)"}]

f(w)

Out [8] =

Spectra of AR(y) and ARMA(p, q) Processes

Similarly, using (8.3) and writing Z; = ¢(B) X;, the spectrum of an AR(p) process is simply given by
2
fz(w) = |¢(e™)[ fx(w) or
o2

fx(w) = -
27 |¢le”")

where ¢(x) is the usual AR polynomial. (1 / |¢(e""”)|2 is the power transfer function of the linear filter of weights

{;} where X, =32 ; Z; ;)

| Example 8.4 Find the spectrum of an AR(1) process X; — ¢; X;_1 = Z;.

This is the spectrum of an AR(1) model.
In[oj := Spectrum[ARModel [ {$1}, 02] , a)]

O.Z

Out [9] =
27 (1-2Cos[w] ¢1 +¢?)

Again the power spectrum is monotonic in w and, depending on the sign of ¢;, the power is concentrated at
either low or high frequencies. For ¢; = 0.7 and 0 = 1 we plot the spectrum.
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Here is the spectrum of the AR(1) model with ¢; = 0.7.

In[10]:= Plot[% /. {o -> 1, ¢ -> 0.7}, {w, O, m},
AxesLabel -> {"w", "f(w)"}, PlotRange -> All]

f (w)

Out [10]= 1-0F

0.0+

In general the spectrum of an AR(p) process is not monotonic and depending on the signs of the AR coefficients

the spectrum can assume different shapes.

We calculate the spectrum of an AR(2) process with ¢; = 1 and ¢, = —0.5.

In[11] := Spectrum[ARModel[{1, -0.5}, 1], w];

Here is the plot of the above spectrum.

In[12] := gl = Plot[%, {w, 0, =x}, AxesLabel -> {"w", "f(w)"}]

out[12]=

The spectrum of an ARMA process fx(w) can also be derived using (8.3). Let Y; = ¢(B) X; = 6(B) Z;, then we have

fy(w) = |¢(e’i‘")|2 fx(w) = |6(e’i“’)|2 fz(w) where fz7(w) = o2 / 2 r is the white noise spectrum. Therefore,

L2
o? |6(e7t¥

fx(w) = e |(—)|2
™ lele )]

(8.4)



1.8: Spectral Analysis 109

This is often called a rational spectrum. AR and MA spectra are special cases of this spectrum when 6(x) = 1 and
¢(x) = 1, respectively.

| Example 8.5 Calculate the spectrum of an ARMA(1, 1) process.

This gives the spectrum of an ARMA(1, 1) process.

In[13] := Spectrum[ARMAModel[{¢1}, {61}, 1], w]

1+2Cos[w] O + 62

Out [13]=
27 (1-2Cos[w] ¢1 +7)

Note that the noise variance has been set to 1. The values of ¢; and #; determine the shape of the spectrum.

Here is the plot of the spectrum with ¢; = —0.5 and 6; = 0.8.

In[14] := Plot[% /. {¢1 -> -0.5, 61 -> 0.8}, {w, 0, x}, AxesLabel -> {"w", "f(w)"}]

out [14]=

| Example 8.6 Here we give an example of spectrum of a seasonal model.

Consider the model (1 — ¢ B) (1 - Bé) X; = Z;. It has the following spectrum.

This is the spectrum of the given seasonal model.
In[15]:= Spectrum|[SARIMAModel[{0, 0}, 6, {é1}, {31}, {}, {}, o*], o]

O2

out [15]=

27 (1-2Cos[w] ¢1 +¢7) (1-2Cos[6w] @ + i)
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This is the plot of the spectrum.

In[16] := Plot[% /. {oc -> 1, ¢1 -> 0.5, & -> 0.5}, {w, O, =},
AxesLabel -> {"w", "f(w)"}, Ticks -> {{0, n/3, 2x/3, nm}, Automatic}]

£ (w)

out [16]= 0

WSk
N
N

We have used the option Ticks -> {{0, n/3, 27/3, 5}, Automatic}, which yields tick marks at specified
points along the abscissa and puts them automatically along the ordinate.

This multiplicative seasonal process can be thought of as two successive linear filters being applied to a white
noise process, and the spectrum is the product of the two corresponding power transfer functions and the white
noise spectrum. The seasonal part of the spectrum has an w dependence through cos 6 w. Since cos 6 w =1 for
w=0,7/3,2nr/3, and n, the seasonal part of the spectrum reaches its maximum value at these frequencies for
®; > 0. This spectrum is again weighted by the monotonically decreasing ordinary AR spectrum resulting in the
final shape of the spectrum we see above.

1.8.3 Estimation of the Spectrum

The spectrum of a time series can be obtained from previously stated formulation as long as we know the model
satisfied by the time series. Often in practice we only have a finite set of time series data and we would like to
estimate from it the spectrum of the process.

There are two commonly used approaches to estimating the spectrum. The first is called the ARMA method of
spectrum estimation. In this way of estimating the spectrum, we first fit an appropriate ARMA type of model to
the data and then get the estimated spectrum by replacing the true model parameters in (8.4) with the estimated
ARMA parameters. The function Spectrum [model, w] gives the estimated spectrum as a function of w with
model here being the estimated model from the given data set.
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Another approach to estimating spectrum is nonparametric, that is, it uses the time series data directly and no

model is assumed a priori. A "natural” way of getting the estimate of f(w), f(w), is to replace the covariance
function y(k) in (8.1) by the sample covariance function y(k),

n-1

o 1 .
f@=— > Fhe' (8.5)

a k=—(n-1)

Here w takes on continuous values in the range [-x, 7], and we call f(w) the continuous sample spectrum. Note
that the sum in (8.5) is restricted to | k| < n, since for a time series of length n the sample covariance function
can be calculated up to at most a lag of n — 1. It is straightforward to write a one-line program that gives the
continuous sample spectrum given the sample covariance function cov = {)A/(O), Yy, ..., )A/(n—l)} and the
frequency variable w. For example, write (8.5) as f (w)=y0)/2m) + Z,’;l v (k) cos (kw) /. The continuous

sample spectrum can be obtained using

cov[[1]1]1/(2Pi) + Rest [cov] .Table[Cos[kw]l, {k, 1, Length[cov]-1}]/Pi.

In practice, it is often convenient to only consider f (w) defined on a set of discrete Fourier frequencies w; =2nj/n

forj=0,1,...,n-1. Let w = w; in (8.5) and we call f(w]-) for j=0,1, ..., n—1 the discrete sample spectrum. It
turns out that computationally it is very convenient to calculate the discrete sample spectrum, since using the
definition of the sample covariance function, (8.5) can be written at w = w; as

. 1 2

f(wf)=m

1 2

- — (o)

, (8.6)

thezwjt

t=1

1 iwit . . .
where x (w]-) = N S x e ! is the discrete Fourier transform of x;.
n

So the discrete sample spectrum is simply proportional to the squared modulus of the Fourier transform of the

data. In the rest of the discussion we will drop the adjective "discrete” and use sample spectrum to mean f (w]-).

Periodogram is another name for essentially the same quantity. To get the sample spectrum of a given data
{x1, xp, ..., x,,} use

Spectrum [data] .

It gives f (a)j) for j=0,1, ..., n—1. Internally, it simply uses the function Fourier. Although the definition of
the Fourier transform here differs from that of Fourier by a phase factor, this phase factor will not enter in
(8.6) due to the squared modulus. You can also define a function to estimate the normalized spectrum defined
by (8.5) with p(k) in place of y(k) as follows.
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This defines a function that gives the estimated normalized spectrum.
In[17] := normalizedspectrum[data ] := Spectrum[(data - Mean[data]) / StandardDeviation[data]];
In[18] := normalizedspectrum[datal , data2 ] :=

Spectrum[ (datal - Mean[datal]) / StandardDeviation[datal],
(data2 - Mean[data2]) / StandardDeviation[dataZ2]]

Example 8.7 We have calculated the spectrum of the AR(2) model X; — X;_1 + 0.5 X;» = Z;
in Example 8.4. We now calculate the sample spectrum from the data generated from this
model.

This seeds the random number generator.

In[19] := SeedRandom[294 857]

The time series of length 150 is generated from the given AR(2) model.

In[20] := data = TimeSeries[ARModel[{1.0, -0.5}, 1], 150];

This gives the sample spectrum.
In[21] := spec = Spectrum[data];
If we just want to get some idea of what the sample spectrum looks like, we can simply do ListLine:
Plot [spec]. However, as we have mentioned before, ListLinePlot [spec] plots the sample spectrum
{f(wo),f(a)l), ,f(wn_l)} against w=1,2, ..., n not w = w; for j=0,1,...,n—1. A careful plot of the sample
spectrum should use ListLinePlot to plot points {{wo, f (a)o)}, {wl, f (a)l)}, } To avoid repeated typing we

can define a function plotspectrum to plot sample spectrum.

This defines the function plotspectrum.

__1:=
Module[{w = Table[i, {i, 0, Pi, 2 Pi/Length[spec]}]}.,
ListLinePlot[Transpose[{w, Take[spec, Length[w]]}], opts]]

In[22] := plotspectrum[spec_List, opts_

Note that we only need the spectrum in the range [0, 7] and the spectrum in (7, 2 ) has been dropped.
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Here is the plot of the sample spectrum.

In[23]:= plotspectru.m[spec, PlotRange -> All, AxesLabel -> {"w", “E(w) “}]

F(w)

Out [23]= 2}

L L L L h m
0.5 1.0 1.5 2.0 2.5 3.0

1.8.4 Smoothing the Spectrum

In general, the sample spectrum can fluctuate a lot and its variance can be large, as can be seen in the last
example. In fact, the variance of the sample spectrum does not go to zero as the length of the time series 1 - .

In other words, f (w) is not a consistent estimator of f(w). In order to reduce the fluctuations in the sample spec-
trum, we often "smooth" the sample spectrum using weighted averages. There are two commonly used
approaches to spectrum smoothing; they correspond to performing a weighted average in the frequency
domain and in the time domain, respectively. In the following, we will show how to smooth a spectrum using
both of the approaches and discuss the relationship between the two methods.

Smoothing in the Frequency Domain

Let (W, (k)} (k =-M, -(M -1), ..., (M - 1), M) be a set of weights satisfying

W,.(k) = W,(=k), and W, (k) =0 for | k| > M,

Z W, (k) = 1.

[k|=M

In the following we will omit the subscript n in W, (k), i.e., the n dependence of the weights is understood. Given

a discrete sample spectrum f (wj) we define its smoothed spectrum by

M
fs(w)= Z W (k) f (wj-)- (87)

k=-M
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That is, the smoothed spectrum at frequency w; = 27 j/n is the weighted average of the spectrum in the neighbor

hood [w;_y;, wj,m] of w;. Since only frequencies in this range are "seen” in the averaging process, the set of

weights {W(k)} is referred to as a spectral window. (The subscript S in ]2 s(w) stands for spectral window.) The

function
SmoothedSpectrums [spectrum, window]

smooths the given sample spectrum using the supplied spectral window. This function is very much like a
weighted moving average since f ¢ is obtained by an application of the filter {W(k)} on the sample spectrum.
However, it differs in two respects: (a) the periodic nature of the sample spectrum (i.e., f (w) = f(w +27j)) is
taken into account in implementing (8.7), so the output of SmoothedSpectrumS (smoothed spectrum using

spectral window) has the same length as the input spectrum; and (b) since W(k) = W(-k), we only need to input
the spectral window as {W(0), W(1), ..., W(M)).

Designing a window includes choosing an M and the appropriate weights. See Priestley (1981), Section 7.5 for
details on how to choose a window. An often used spectral window is the Daniell window defined by
Wk)=1/2M+1) for |k| <M and 0 otherwise (i.e., it is a rectangular window). Using the Daniell window to
smooth the sample spectrum is the same as doing a simple moving average.

Example 8.8 Here we use the Daniell window (M = 6) to smooth the sample spectrum in
Example 8.7.

When M = 6 the Daniell window is W(k) =1/2M + 1) =1/13. We can generate the list of M + 1 =7 identical
weights using Table [1/13, {7}].

This gives the smoothed spectrum.

In[24] := specs = SmoothedSpectrumsS|[spec, Table[1/13, {7}11]:;

Here is the plot of the smoothed spectrum.

In[25] := plotspectru.m[specs, PlotStyle -> Dashing[{0.02}], AxesLabel -> {“a)“, "E(w)"}]

out[25]= ©-¢p _
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This spectrum closely resembles the theoretical spectrum calculated earlier for the same model (see g1 in
Example 8.4). We display them together to see the resemblance using Show.

The smoothed spectrum and the theoretical spectrum are displayed together.

In[26] := Show[%, gl]

out [26] =

0.5 1.0 1.5 2.0 2.5 3.0

Changing windows or using different M for the Daniell window can greatly affect the shape of the smoothed
spectrum. The reader is encouraged to try different windows and see their effect on smoothing.

Smoothing in the Time Domain

Another approach to smoothing a spectrum is to perform averaging in the time domain. Instead of averaging
the sample spectrum, we assign weights to the sample covariance function in (8.5) such that the contributions
from covariance at large lags, which are generally not reliable, will be small or zero. Let {A(k)}
(k=-M,-M-1), ..., M—1, M) be a set of weights satisfying

A(=k) = Ak), and A(k) =0 for | k| > M,

A0)=1 and | A | = 1;

then {A(k)} constitutes a lag window and M is called the truncation point. A smoothed spectrum using a lag win-
dow is defined by

R 1M .
fr@)=— > Aoy (8.8)

k=—M

The subscript L stands for lag window. Note that (8.8) has defined a continuous spectrum for w = [-x, ], not
just for discrete Fourier frequencies. This is not too bad from a computational point of view since the truncation
point M is generally small compared to n.
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The function

SmoothedSpectrumL [cov, window, «]

gives the smoothed spectrum f | (w) defined in (8.8). The argument cov is the sample covariance function calcu-

lated from the given time series data; the lag window specified by window is {A(0), A(1), ..., A(M)}; and w is the
frequency variable. Note that the truncation point M should not be greater than the largest lag in the covariance
function cov. The advantage of using covariance function rather than the time series data directly as the input to
SmoothedSpectrumL is that it allows us to try different windows or truncation points without having to
recalculate the covariance function each time. Observe also the correspondence of the arguments in Smoothed*
SpectrumS, where the sample spectrum is weighted, and in SmoothedSpectrumL, where the sample covari-
ance function is weighted.

We now list some commonly used lag windows.

1. Rectangular or Truncated window: A(k) = 1 for | k| <M, and A(k) =0 for | k| > M.
2. Bartlett window: A(k) =1 — | k| /M for | k| <M and 0 otherwise.

3. Blackman-Tukey window: A(k) =1 —-2a+2acos(tk/M) for | k| <M and 0 otherwise. Here a is a constant
in the range (0, 0.25]. When a = 0.23, the window is called a Hamming window, and whena = 0.25, a
Hanning window.

4. Parzen window: Xk) =16 (k/M)* +6 (| k| /M)’ for | k| <M/2,Ak) =2 (1 - |k| /M)® for
M/2 < | k]| =M, and 0 otherwise.

Example 8.9 Estimate the spectrum from the data in Example 8.7 using the Hanning
window (a = 0.25) with M = 12.

The covariance function is first calculated.

In[27] := cov = CovarianceFunction[data, 30];

This gives the smoothed spectrum using the Hanning window.

In[28] := spec = SmoothedSpectrumL[cov, Table[0.5 + 0.5Cos[nk/12], {k, 0, 12}], w]:;
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This is the plot of the smoothed spectrum.

In[29] := Plot[Evaluate[spec], {w, 0, m}, AxesLabel -> {“w", "E(w) "}]

out [29] =

It closely resembles the theoretical spectrum we plotted earlier (see g1 in Example 8.4). Again, different win-
dows or truncation points can give different smoothed spectra.

The Equivalence of the Two Approaches

While they appear to be quite different, the two approaches to smoothing spectrum are actually intimately
related. If we define a spectral window with a continuous weight function W(w) as the Fourier transform of the
lag window {A(k)},

1 M
W - A, k —ikw,
(w) 2ﬂk;M (ke (8.9)
then
Ak) = f W (w)e*® d w. (8.10)

It is easy to show that

fL(w)=ff(w—a)W(a)da~ Zf(w—wj)W(]')/ (8.11)
i lil<n/2

where f(w) is the continuous sample spectrum defined in (8.5), W(j) = 27” W(a)]-), and w;=2m j/n. (See, for

example, Brockwell and Davis (1987), pp. 348-349.) So smoothing in the time domain using the lag window
{A(k)} is the same as smoothing in the frequency domain using the spectral window W(w) and vice versa where
W(w) and {A(k)} are related through (8.9) and (8.10). At the Fourier frequencies the right-hand side of (8.11) is

precisely f ¢ defined in (8.7). Depending on the window, it may be easier to do the smoothing in one domain
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than in the other. For example, a lag window with small M (narrow width) translates into a spectral window
with no cutoff and vice versa. Here we give a couple of spectral windows that correspond to the lag windows
listed earlier.

The corresponding spectral window, or kernel, is obtained by evaluating the summation in (8.9).

This is the corresponding rectangular window in the frequency domain.

In[30]:= (1 + 28um[Cos[kw], {k, 1, M}])/ (2n)

1+Csc[§] (—Sin[%] +Sin[%+Mw”

Out [30] = 5
s

This spectral window denoted by Dj(w) is often called the Dirichlet kernel of order M. We define it to be
Di[M, «].

This defines Di to be the Dirichlet kernel.
In[31]:= Di[M , @ ] = %;
Whenever we want to use the Dirichlet kernel we can simply use Di [M, «]. Note that if w is an integer multi-

ple of 27 the limit with respect to w can be used.

This is the Bartlett window in the frequency domain.

In[32] := Simplify[(1 + 2Sum[(1 - k/M) Cos[kw], {k, 1, M}])/ (27)]

Csc{g}z Sin[MZ—w}2

Out [32] =
2 Mt

This is often referred to as Fejér kernel of order M, written as Fyq(w), and we define it to be F [M, «]. As with the

Dirichlet kernel, the limit with respect to w can be used for integer multiples of 27.

This defines F to be the Fejér kernel.

In[33]:= F[M_, w ] = %;

Similarly we can get the spectral window corresponding to Blackman-Tukey window. The result is a linear
combination of Dirichlet kernels:

aDy(w—-n/M)+ (1 -2a)Dy(w) +aDy(w + m/M).

For the Parzen window, we need to evaluate the sum separately for M even and for M odd. When M is odd, use
M’ -1 in place of M (M’ even) then substitute M back once the summation is done.

To demonstrate the equivalence of the two approaches we generate a time series of length 50 and calculate the
smoothed spectrum using the Bartlett window (M = 5) in both the time and frequency domains.

This seeds the random number generator.

In[34] := SeedRandom[239450]
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This generates a time series of length 50 from the AR(1) model.

In[35] := data = TimeSeries[ARModel[{0.5}, 1], 50];

We first smooth the spectrum in the frequency domain wusing Fejér kernel. The weights
(W@ = W(a)]-) x2n/n=F[5 2nj/50] x27/50} are generated using Table. F[5, 0] =5/(2n) is added separately

using Prepend to avoid taking the w = 0 limit.

The smoothing is performed in the frequency domain.

In[36] := sps = SmoothedSpectrumsS|[Spectrum[data],
N[Prepend|[Table[F[5, w], {w, 2mx/50, xw,, 2x/50}], 5/ (2n)]*2mx/50]];

The smoothing is done in the time domain.

In[37] := SmoothedSpectrumL[CovarianceFunction[data, 5], Table[l - k/5, {k, 0, 5}], w];

At the frequencies w;=27w j/50,j=0,1, ..., 49, the difference between the two results should be small.

This gives the spectrum at frequencies w; = 27j/50,j=0,1, ..., 49.

In[38]:= spl = % /. w -> Table[N[2x/507], {j, 0, 49}];

The difference is indeed negligible.
In[39] := Max[Abs[sps - spl]]

out [39]= 0.0753793

1.8.5 Spectrum for Multivariate Time Series

The definition of the spectrum of multivariate time series is similar to that in the univariate case except now we
deal with a spectrum matrix (spectral density matrix) f(w) given by (see (8.1))

1 2 .
f@=—) rwe, (8.12)

where T'(k) is the covariance matrix defined in Section 1.2.5 (see (2.11)). The i diagonal element of f(w), f;(w), is
the (auto)spectrum of the time series i and the off-diagonal element f;; (w) =1 / 2m) Xl Yij (k) etk (i ¢ j) is
called the cross spectrum (cross spectral density function) of time series i and j. Note that as in the univariate
case, f(w) is 2 n-periodic. However, since v; j(k) and y,-]-(—k) need not be the same the cross spectrum fl-]-(a)) is in

general complex and it can be written as

fif(@) = cijw) = ig;(w) = a;(w) e 7. (8.13)
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Various spectra relating to the cross spectrum can be defined from (8.13). The real part of the cross spectrum,
¢ij(w), is called the cospectrum, and the negative imaginary part, g;;(w), the quadrature spectrum; the amplitude of

the cross spectrum, «a; j(w) = [f, j(a))| is called the amplitude spectrum and the argument, ¢; j(w), the phase spectrum.
Two other useful functions are the squared coherency spectrum (some authors call it coherence) and gain function
of time series i and j, and they are defined by Kizj(w) = [ﬁj(w)|2 / (fiiw) f;j(w)) and G;j(w) = [f;j(w)| /f; (), respec-

tively. Although these functions are defined separately due to their different physical interpretations, all the
information is contained in our basic spectrum (8.12), and we will see that it is a simple matter to extract these
quantities once the spectrum f(w) is known.

Spectra of Linear Filters and of ARMA Models

The transfer function of a linear filter in multivariate case is defined similarly except that now the filter weights

{¥;} are matrices. Equation (8.3) is generalized to

fr) = ¥(e™) fr(w) ¥'(e™) (8.14)

and a function implementing (8.14) can be easily written to get the spectrum of a filtered process. This will be
left as an exercise for the diligent reader.

The ARMA spectrum can be derived as in the univariate case using (8.14); it is given by

1 , , , .
flw) = — q)—l(e—zw) @(e—zw) Z@/(ezw) (I)/—l(ezw),
2
and the same function Spectrum [model, «] applies to the multivariate case.

| Example 8.10 Here is an example of the spectrum of a multivariate ARMA(1, 1) process.

This defines a bivariate ARMA(1, 1) model.

Inf40] := model = ARMAModel[{{{0.6, -0.2}, {0.8, -0.9}}},
{{{1.1, -0.5}, {0.7, -1.}}}, {{1, 0}, {0, 1}}1:

This gives the spectrum.

In[41] := spec = Spectrum[model, w]

-16.5132-20.3947 Cos[w] -4.47368 Cos[2 w]

Out [41]= {{ ’
271 (-3.24842-0.978947 Cos[w] +2. Cos[2w])

(-11.7395 - 0.552632 Cos[2w] + Cos [w] (-8.56579 — 3.73684 i Sin[w]) - 3.43421 i Sin[w]) /
(270 (~3.24842 - 0.978947 Cos [w] + 2. Cos[2 w]) )},
{(-11.7395 - 0.552632 Cos[2 w] + Cos[w] (~8.56579 +3.73684 i Sin[w]) + 3.43421 i Sin[w]) /

(271 (-3.24842-0.978947 Cos[w] +2. Cos[2w])),
-15.9516 + 6.47368 Cos [w] - 1.05263 Cos [2 w]

271 (-3.24842-0.978947 Cos[w] +2. Cos[2w]) }}
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From this spectrum matrix we can easily find other spectra defined in the beginning of this section. Using the
fact that fj(w)= f].*l.(a)) (here * means complex conjugate), the cospectrum of f;(w) is simply given by

¢ij(w) = (f, W)+ ﬁi(w)) / 2, the quadrature spectrum by g; jw) = i(f,- jw) = jf]-i(a))) / 2, etc.

Here is the cospectrum of the above ARMA(1, 1) model.

In[42] := Chop[Together|[ (spec[[1l, 2]] + spec[[2, 1]])/2]]

0.0795775 (-23.4789 - 17.1316 Cos [w] - 1.10526 Cos[2 w])

Out [42] =
-3.24842 -0.978947 Cos[w] +2. Cos[2w]

If we only want to see the plot of the spectrum and do not need the explicit function form, we can simply use

the function Re to extract the real part of f; j(w).

This is the plot of the cospectrum.
In[43]:= plot0 = Plot[Evaluate[Re[spec[[1l, 2]]1], {w, 0, =m}, AxesLabel -> {"w", "ci;(w)"}]

c12 (w)

out [43] =

Similarly we can get other spectra.

Here is the plot of the quadrature spectrum.
In[44] := Plot[Evaluate[-Im[spec[[1, 2]]]1], {w, 0, =n}, AxesLabel -> {"w", "gi(w)"}]

g1z (W)

-0.05F

Oout [44] =

-0.10

-0.15
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Here is the plot of the squared coherency.

Tn[45]:= Plot[Evaluate[Abs[spec[[1, 2]111"2/ (spec[[1, 1]] spec[[2, 21D ],
{w, 0, 7w}, AxesLabel -> {"w", K2 (w) “}]

R (0)
1.00F

Out [45]= ¢ gof

Various other spectra can be plotted using the built-in Mathematica functions Abs, Arg, etc.

Estimation of the Spectrum

We can estimate the spectrum of an ARMA process by fitting an m-variate ARMA model to m-variate data and
using Spectrum[model, «] to get the estimated spectra. The sample spectrum of a multivariate process is

again given by (8.5) with the sample covariance matrix I'(k) in place of univariate sample covariance function
y(k). As in the univariate case, the function Spectrum [data] gives the sample spectrum of m-variate data at

frequencies w; =2xj/n for j=0,1,...,n—1, and its output is {f(wo),f(wl), ,f(wn,l)} where f(a)]-) is an mxm

matrix. Again, the function normalizedspectrum defined earlier (see Example 8.7) can be used to estimate
the normalized spectrum in the multivariate case.

Example 8.11 Here is the sample spectrum of a bivariate time series data of length 100
generated from the ARMAC(1, 1) model used in Example 8.10.

The random number generator is seeded.

In[46] := SeedRandom[902587]

This generates the time series.

In[47] := tseries = TimeSeries[model, 100];

This calculates the sample spectrum.

In[48] := spec = Spectrum|[tseries];

And from this sample spectrum, we can obtain all the other spectra. For example, the cospectrum can be
obtained by extracting the (1, 2) component of the sample spectrum matrix and taking its real part.
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Here we plot the sample cospectrum.
In[49] := plotspectrum[Re[spec[[All, 1, 2]]], AxesLabel -> {"w", "ci;(w)"}, PlotRange -> All]

C12 (W)

out [49] =

To smooth the spectrum we proceed as in the univariate case. SmoothedSpectrumL [cov, window, «] and
SmoothedSpectrums [spec, window] are used to get the smoothed spectrum matrix f ; (w) and matrices f s(“’j)
forj=0,1, ..., n—1, respectively. They are defined in (8.7) and (8.8) with f and ¥ now replaced by the sample
spectrum matrix and sample covariance matrix. Matrix weights can also be used. For example, W and A in
window = {W(0), W(), ... WM)} and window = {A(0), A1), ... A(M)} can be matrices so that different compo-
nents do not have to be smoothed with the same window. The (i, j) component of the spectrum will be
smoothed according to

M
fo (@)= > WY f; @)

I=—M

or

. 1 M . .
fL@ij=— D) AT (e,

k=—-M

where W(-k) = W’(k) and A(—k) = A’(k) are assumed throughout. If scalar weights are entered, all the compo-
nents will be smoothed using the same given weights.

]| Example 8.12 Smooth the spectrum of Example 8.11 using the Bartlett window.

We first calculate the sample covariance function.

In[50] := cov = CovarianceFunction[tseries, 30];

This gives the smoothed spectrum using the Bartlett window.

In[51] := specl = SmoothedSpectrumL[cov, Table[l - k/10, {k, 0, 10}], w];
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This is the plot of the smoothed cospectrum.
In[52] := plotl = Plot[Evaluate[Re[specl[[1l, 2]]]1], {w, 0, Pi}, AxesLabel -> {"w", "ci;(w)"}]

C12 (W)

Out [52] = L

Next we look at the smoothed cospectrum using the Daniell window.

This gives the smoothed spectrum using the Daniell window.

In[53] := spec2 = SmoothedSpectrumS|[spec, Table[1l/9, {5}11];

This is the plot of the cospectrum.
In[54] := plot2 = plotspectrum[Re[spec2[[All, 1, 2]]], AxesLabel -> {"w", "ci;(w)"}]

C12 (W)

out [54]= 1.

For comparison we display the two smoothed cospectra together with the theoretical cospectrum (see plot0 in
Example 8.10).
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This displays the three cospectra together.
In[55] := Show[plot0O, plotl, plot2, PlotRange -> All]

C12 (W)

Out [55] =

It is a simple matter to get estimates for other spectra once f (w) is known. For example, as we have demon-
strated, the cospectrum is simply the real part of the appropriate component of the spectrum and it is trivial to
extract it using the Re and Map functions. You can also define your own functions to extract different spectra.
For example, you can define the following function to get the squared coherency between series i and j.

Note here that spec should be a smoothed discrete spectrum so that the denominator will not be zero at w = 0.

In[56] := squaredcoherency[spec_, i_, j_] :=
Chop[#[[i, j]] Conjugate[#[[i, 71111/ (#[[i, i1] #[[j, 71]) & /@ spec



1.9 Structural Models and the Kalman Filter

1.9.1 Structural Models

So far we have discussed ARMA type of models where the trend and often the seasonal components of a given
time series are removed before detailed analysis. A structural time series model, on the other hand, is designed
to model trend and seasonal components explicitly. For example, the basic structural model is defined by

Ye=Hr+ Y+ € 9.1)
where p represents the trend and 7y is the cyclic or seasonal component, while € is the irregular or noise part.

Both i and y evolve according to their own equations. For example, we can have a linear trend with

He-1 + Broa + 1 9.2)
Bi1+ ¢

Mt
Bt

(where By # 0) and the seasonality, y;, modeled as,

s—1
Y= —Z%—j + wy, 9.3)
j=1

where {€}, {1}, {{;}, and {w;} are all white noise variables with zero mean; they are assumed to be independent of
each other.

When the seasonal component is absent, we can define a simpler version of the basic structural model called the
local linear trend model by

Y = Ut &
He = M1+ B+ (9.4)
B = B+

or an even simpler local level model by

Ui + € (9.5)
Hi-1 + 1t

Yi
Ht

In the above models, the "trend" y; (or seasonality ;) is not observable. Often the task is to infer the behavior of
the trend or some other quantities from the time series {y;} we observe. This class of problems is most conve-
niently treated by casting the models into a state-space form and using the Kalman filter technique.
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1.9.2 State-Space Form and the Kalman Filter

In general, a state-space representation of a discrete time series model has the form:
Yt = Gt Xt + dt + Wt (96)

Xt = Ft Xt—l + ¢ + Vtr (97)

where {Y;}, which can be either a scalar or a vector, is the process we observe and (9.6) is called the "observation
equation". {Y};} depends on another process {X;} that cannot be observed directly. X;, which is a vector in gen-
eral, is referred to as the "state" of the system at time t, and it evolves according to the "state equation” (9.7). F,
G, ¢, and d are known matrices or vectors that may be dependent on time. {W;} and {V;} are independent Gauss-
ian white noise variables with zero mean and covariance matrices given by E V; V] = 6;; Q; and EW; W} = ;s Ry,
respectively, where the prime denotes transpose.

Often, we would like to obtain an estimate of the unobservable state vector X based on the information avail-
able at time ¢, I;, where I; contains the observations of Y up to Y;. The Kalman filter provides a recursive proce-

dure for calculating the estimate of the state vector. Let qu denote the best linear estimator of X; based on the

information up to and including time s and Py, its mean square error E(Xt —5(t|s)(Xt —)A(ﬂs)'. The following
equations constitute the Kalman filter:

tht = tht—l + Kt(Yt -Gy tht—l - dt) 9.8)
Xt+1|t =Fiy tht + Cr41 9.9)
Py = Pyp1 — Ky Gy Py (9.10)
Pria = Qpe1 + Fron Py Fiyq, (9.11)

where

7 ’ 71
Ki = Py Gt(Gt Py—1 Gp + Rt)

is called the Kalman gain. The above equations can be used to calculate the estimate Xy, and its mean square
error Py, recursively. Clearly, like all recursive procedures this needs initial values, {5("1+1|m, Pm+1|m}, to start the

recursion. We will first present the function in Mathematica that implements these equations given the initial
values and discuss ways of calculating the initial values in Section 1.9.3.

The Mathematica function that performs Kalman filtering ((9.8) to (9.11)) given the initial values {Xm+1|m, Pm+1|m}
and the data Y, is

KalmanFilter [Y1, {Xm+1|m/ Pm+1|m} v Fmi2r Guats Quans Rus1s Cuvas dinia].
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It yields {Xm+2|m+1, Priopms1, 5("1+1|m+1, Pm+1|m+1}. If ¢; = 0 and d; = 0, the last two arguments can be omitted. When
all the known matrices and vectors are independent of time,

KalmanFilter [{(Yis1, Yo, -« -, YT},{)A(erum, Pm+1|m}, F,G,Q,R,c, dl

gives

A

{{Xm+2|m+1r Prisoim+1, Xoetpm+1, Pm+1|m+1}/ {Xm+3|m+2/ Prisaim+2, Xnw2pm+2, Pm+2|m+2}/ e {XT+1\T/ Prir, Xnr, PT|T}}~

However, if any one of F,G,Q,R, ¢, d is time dependent, the above arguments to KalmanFilter,

F/ G/ Q/ R/ ¢, d/ should be replaced by {Fm+2/ Fm+3/ ceer PT+1 }/ {Gm+1/ Gm+2/ e GT}/ {Qm+2/ Qm+3/ cees QT+1}/
{Rm+1/ Rm+2/ ceer RT}/ {Cmr2s Cuvss --os CT1), and {dm+1/ dm+2/ s dT}/ reSPeCtively

The Kalman filter gives the estimate of the state variable X at time ¢ given the information up to t, Xy;. As more
and more information is accumulated, i.e., {Y;,;} (i=1, 2, ..., s) are known, the estimate of X; can be improved

by making use of the extra available information. Kalman smoothing is a way of getting the estimate of X,
given the information It, where T > t:

5Q|T = Xﬂt + ]t(f(t+1|T - }A(Hllt) (9.12)

and

Pyr = Pyt + J{(Pryar = Preaip) i, (9.13)

where J; = Py Fj,4 Pt_+11|t- The two equations given above are often referred to as the Kalman fixed-point
smoother.

To obtain Xt|T and Pyr, we first use the Kalman filter to get Xﬂt and Py; for t up to T. Then using (9.12) and
(9.13), )A(T,HT, )A(T,M, ey 5(t|T and Pr_yr, Pr_a1, ..., Pyr can be calculated recursively. The Mathematica function

KalmanSmoothing [filterresult, F]

gives {{)A(W“T, }A(m+2|T, ey 5(T|T}, {Pmsr) Prsoirs oo PT|T}}, where filterresult is the output of KalmanFilter, ie,,

{Xms2ims1s Prsapmers Xmstpmets Postpms )y -0 {Xrayr, Praar, Xor, Prr}}, and F s the transition matrix in state
equation (9.7). Note that if F is time dependent, the second argument of KalmanSmoothing should be
{Fms2, Fmss, - Fral

The Kalman prediction is the calculation of the estimate of the future values X,,; (h > 0) based on the current

information I, i.e., the calculation of X, +s- It is easy to see that

Xl = Fran Xesn-1]e + Cran

and

Pyt = Fran Propaye Fion+ Qren-
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So starting from {Xt+1|t, Pt+1|t} obtained from the Kalman filtering, the above equations can be iterated to get
{5(t sler Pr +h|t}. It is straightforward to see that the prediction for Y is
Yt+h|t = G Xt+h|t +dpp,

and the corresponding mean square error f,;,, is

fronle = Gran Peanfs Gon + R
The function
KalmanPredictor [{XHW, Pt+1|t}, F, Q, c, hl,
when the known matrices and vectors are time independent, or
KalmanPredictor [{Xt+1|t/ Pt+1|t}: {Frea, oo Frndy Quos oos Quands {etias v}l

when the known matrices and vectors are time dependent, gives the next i predicted values and their mean
square errors {{)A(Hm, 5(t+2|t, ceey }A(Hhh}, {Pm”, P, -, Pt+h|t}}. Again, the argument ¢ can be omitted if it is

always 0.

1.9.3 Applications of the Kalman Filter

The Kalman filtering technique can be used conveniently in the analysis of certain time series, once we write the
time series model in a state-space form. In the following we will mention a few applications of the Kalman filter
and illustrate some of them by examples. For a detailed treatment of the Kalman filter see, for example, Harvey
(1989), Chapter 3.

The simple local level model (9.5) is in fact in the state-space form already with X; = y;, G;=1,F; =1,¢, =0, and
dy = 0. It is easy to see that the local linear trend model (9.4) can be written in the state-space form as

u
yt=(1,0>(ﬁi)+et

and

()=o) (20

with
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Similarly, the basic structural model ((9.1) to (9.3)) when s = 4 is equivalent to

yt = (1/ 0/ 1/ 0/ 0) a; + €

where
Mt 11 0 0 0)(ua Tt
B 01 0 0 Of] B e
o= v [=]00 -1 =1 =T |y |+] |
Yi-1 00 1 0 O0]f»e 0
Yi-2 00 0 1 0){7-s 0

ARMA models can also be cast into a state-space form, which in general is nonunique. For example, one particu-
lar representation of the AR(2) model in state-space form is (for the state-space form of an ARMA(p, q) model
see Harvey (1989), Chapter 3)

v =1, 0)x

and

=gy )= (o 0)omn ) (5)
Aoy ) Ly 0oy 0)

An alternative representation for the state vector is
. _( Yt )_((151 ¢2)(]/t1)+(2t)
g ) U 0 Ny ) o)

Initializing the Kalman Filter

The initial values of Xt|t_1 and Py;_1 have to be given in order to start the Kalman filter. If the coefficients in (9.7)
are all time independent and the eigenvalues of the transition matrix F are inside the unit circle, the state vector

is stationary and the initial value X;j can be solved as

Xip=U-F"c
and P,y obtained from

P1|0 =P=FPF’+Q.
The solution to the above equation is

vec(P)=(I-F ® F)~! vec Q (9.14)

where vec(P) is the vector obtained by stacking the columns of P one below the other.
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For example, the AR(2) model with ¢; =0.9, ¢, = -0.5, and o? =1 is stationary and the initial values are

X1 = (0, 0 and P can be obtained using (9.14). The following Mathematica program solves for P.

This loads the package.

In[1] := Needs["TimeSeries TimeSeries "]

getP solves for the initial value Py for a stationary state equation. Note that Q is always symmetric.

In[2]:= getP[F_, Q] :=
Partition[Inverse[IdentityMatrix[#"2] - Flatten[Map[Flatten, Transpose /@
Outer[Times, F, F], {2}], 1]].Flatten[Q], #] &[Length[F]]

This gives Pyjp which is used to start the Kalman filter recursion.

In[3]:= getP[{{0.9, 1}, {-0.5, 0}}, {{1, 0}, {0, 0}}]

out[3]= {{2.08333, -0.625}, {-0.625, 0.520833}}

Consider the case when the state equation is not stationary, and we do not have any prior information about the
distribution of the state vector. In general, if the dimension of X is m, we can use the first m values of Y

(assuming that Y is a scalar) to calculate Xm+1|m and P,,,1, and start the recursion from there. To obtain 5(,,1+1|m
and Pj41;m, we can use the Kalman filter ((9.8) to (9.11)) with E (X; | Ip) = E (X1) = 0 and the so-called diffuse
prior Pyg = kI, where I is an identity matrix and « is eventually set to infinity. For example, the local level model

is not stationary. In the absence of any prior information, we use 5(1|0 =E(X;)=0and Pyp =k and 5(2|1 and Py

can be obtained as follows.

This gives {5(2|1, Py, 5(1|1, P1|1}. Note that the result depends on the first data point .
In[4] := KalmanFilter([yl, {0, k}, 1, 1, Q, R]

kyl k? kyl k?
out [4] = {7,k+Qf , k-
k+R

Now we take the limit k — co. Note that we get a finite result, and the first two elements will be used as the initial values to

start the recursion.

In[5]:= Limit[%, k -> Infinity]

out[5]= {yl, Q+R, y1, R}

For the local linear trend model, X is a two-dimensional vector (m = 2), and the calculation of the initial values

using a diffuse prior, in general, needs the first two data points y; and 5.

This gives {{Xm, Pay, Xup1, P}, {X3|2, Psp, Xop, Papl}.

In[6] := KalmanFilter[{yl, y2}, {{0, 0}, k {{1, 0}, {0, 1}}},
{{1, 1}, {0, 1}}, {{1, 0}}, {{ql, O}, {0, q2}}, r];
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Note that Py is infinite, whereas P3p is finite.

In[7] := Limit[Take[%, All, 2], k -> Infinity]

out [7] = {{{er O}, {{co, (D}, {oo, Oo}}}r
{{-y1+2vy2, -y1l+y2}, {{2gql+g2+5r, gl+g2+3r}, {gl+g2+3r, gl+2 (gq2+1r)}}}}

Here {5(3|2, P3|2} is extracted, and it can be used as the initial value to start the Kalman filter recursion.
In[8]:= %[[-1]1]

Out [8]

{{-v1+2vy2, -y1+vy2}, {{29l+g2+5r, gl+g2+3r}, {qgl+g2+3r, gl+2 (g2+71r)}}}

Although in principle KalmanFilter can be used to calculate {5(m+1|m, Pm+1|m} using the first m data points as

illustrated above, it is infeasible when m is large because of the symbolic parameter k involved in the calcula-
tion. Alternatively, we can obtain the initial values by writing X,, in terms of first m data points of Y, and

therefore, solve for )A(m|m. The following is a program that gives {5(m+1|m, Pm+1|m}. Note that the program is only

for the case where Y is a scalar and the coefficient matrices are independent of time. For other ways of calculat-
ing starting values, see Harvey (1989), Chapter 3.

This yields {)A(,,Hum, Pm+1|m} given the known matrices and vectors of a state model and the first 7 values of data. Note that

the first argument contains the first 1 values of the data, F and Q are m xm matrices, and G is a 1 xm matrix. Whenm =1,
every input argument is a scalar.

In[9]:= getInit[y ?AtomQ, F , G, Q , R, c :0,d :0] := {#*x(y-d)+c, #°2xR+Q} &[F/ G];

In[10] := getInit[y ?VectorQ, F , G, Q , R, c_:0, d :0] :=
Module[{m = Length[y], invF = Inverse[F], temp, zero, finvtemp, tempzero},
zero = Table[0, {m}];
temp = Flatten[NestList[#.invF &, G, m - 1], 1];
finvtemp = F.Inverse[Reverse[temp]];
tempzero = Append[Reverse[Rest[temp]], zero];
{finvtemp.(y - d + If[c === 0, 0, Reverse[Accumulate[Rest[temp]]].c]) + c,
finvtemp. (Outer[Total [MapThread[Dot, {#1, #2}]] &,
NestList [Append[Rest[#], zero] &, #.0Q0 & /@ tempzero, m - 1],
NestList [Append[Rest[#], zero] &, tempzero, m - 1], 1] +
RIdentityMatrix[m]) .Transpose[finvtemp] + Q}]

For example, this gives the same initial values for the local linear trend model as above but is much faster.
In[11]:= getInit[{yl, y2}, {{1, 1}, {0, 1}}, {{1, 0}}, {{gl, 0}, {0, g2}}, r]

out[11]= {{-yl+2y2, -yl+y2}, {{29l+92+51r, gl+g2+3r}, {gl+g2+3r, gl+2g2+2r}}}
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Kalman Filtering and Kalman Smoothing

Often, the state variable X represents some quantity we are interested in knowing. The Kalman filter enables us
to estimate the state variable X from the observations of Y. For example, in the local level model, u is the trend
and the estimation of yx, given 1, y, ..., ¥4, is given by the Kalman filter (9.8) to (9.11).

Example 9.1 To illustrate the use of the Kalman filter, we generate a series according to the
local level model (9.5) withR=Ee® =05and Q=En* = 1.

This generates a time series of length 100 according to the local level model (9.5).

In[12] := (SeedRandom[34561];
eta = RandomSequence[0, 1, 100];
mu = Accumulate[eta];
datal = RandomSequence[0, 0.5, 100] + mu;)

This plots the series.

In[13]:= ListLinePlot[datal]

[\S)
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T

out [13]= _4[
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T

-10

T

As illustrated earlier, these are 5(2|1 and Py); and they are used as the starting values for KalmanFilter.

In[14]:= init = Limit[Take[KalmanFilter[datal[[1]], {0, k}, 1, 1, 1, 0.5], 2], k-> Infinity]

out[14]= {0.708558, 1.5}

Using getInit we get the same result.

In[15] := getInit[datal[[1]], 1, 1, 1, 0.5]

out [15]= {0.708558, 1.5}
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kf contains the result of the Kalman filtering. (Note that we have suppressed the output.) Note that 1/; is used to obtain the

initial values, so the data now starts from /5.

In[16] := kf = KalmanFilter[Rest[datal], init, 1, 1, 1, 0.5];

From the Kalman filter result kf, we extract f " the estimated values of .

In[17]:= kE£[[AlLl, 3]];

Here the estimate of y; given {y1, V2, ..., Y} is plotted as a function of ¢.

In[18] := ListLinePlot[%, DataRange -> {2, 100},
AxesLabel -> {"t", """}, PlotLabel -> "estimated trend"]

estimated trend

IN)
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Xyt is the estimate of X; based on the information up to t. However, if we know Y; up to t = T, we can use the
information up to T to improve our estimate of X;. This is called Kalman smoothing.

out [18]=

T T T T T T T T T T T T T T T T

-10

This gives the Kalman smoothing result.

In[19] := KalmanSmoothing[kf, 1];

The smoothed values are plotted.

In[20] := ListLinePlot[%[[1]], DataRange -> {2, 100}]
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out[20]= _,
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Example 9.2 As a second example, we use the Kalman filter to estimate the trend and the
cyclic component in a particular case of the basic structural model given in (9.1) to (9.3).

This generates a time series of length 100 from the basic structural model. (See 9.1 t0 9.3.)

In[21] := (SeedRandom[3457091];
eta = RandomSequence[0, 1, 100];
zeta = RandomSequence[0, 0.05, 100];
beta = Most[Accumulate[Flatten[{0.5, zeta}]]];
mu = Accumulate[beta + eta];
gamma = TimeSeries[ARModel[{-1, -1, -1}, 5], 100, {0, 0, 0}]:
y = mu + gamma + RandomSequence[0, 0.5, 100];)

The series is plotted here.
In[22] := ListLinePlot[y]
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out [22] =
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Various matrices that are needed are defined.

In[23]:= (F={{1, 1, 0,0, 0}, {0, 1, 0,0, 0},
{0, 0, -1, -1, -1}, {0, 0,1, 0, 0}, {0, 0,0,1, 0}};
G={{1, 0,1, 0, 0}};
Q={{1, o0, o0, 0, 0}, {0, 1, 0, 0, 0}, {O, O, 1, O, O}, {O, O, O, O, O}, {O, O, O, O, 0}};
R=1;)

Since m = 5, the first five points of data i are needed to calculate the initial values.

In[24] := init = getInit[Take[y, 5], F, G, Q, R]

out [24] = {{8.64177, 1.21377, 0.499978, -1.32112, 2.93425},

57 1 119 37 37

A A A ’ 1 T O}I {71 T T T _7}1
32 2 32 32 32 2 8 2 8 32 2 32 32 32
{ 75 7 37 59 1} { 11 37 1

47
- T T T T - O/ Y A ] 7}}
32 8 32 32 32 32 32 32 32

{{247 7 57 75 ll} {7 27 1 7
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This gives the Kalman filtering result. Note that the numerical value of init is used to speed up the calculation.

In[25] := kf =KalmanFilter[Drop[y, 5], N[init], F, G, Q, R];

The first component of )A(ﬂt is the estimated trend 1 j¢- The trend is extracted and plotted.

In[26] := ListLinePlot[kf[[All, 3, 1]], DataRange -> {6, 100}]
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Out [26] =
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Similarly, the third component of )A(ﬂt is the estimated seasonal )A/tl ;- Its plot is shown here.

In[27] := ListLinePlot[kf[[All, 3, 3]], DataRange -> {6, 100}]

out [27] = 10;
ot AL
SRS RSN z

This gives the smoothed estimates of the state variables and their mean square errors.

In[28] := ks = KalmanSmoothing[kf, F];
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Here is the plot of the smoothed trend.
In[29] := ListLinePlot[ks[[1, All, 1]], DataRange -> {6, 100},

smoothed trend

T

200

T

150 -

L

out [29] =

T

50 -

T

20 40 60 80 100

This is the plot of the smoothed seasonal component.

In[30]:= ListLinePlot[ks[[1, All, 3]], DataRange -> {6, 100},
PlotLabel -> "smoothed seasonal component"]

smoothed seasonal component

Out [30] = ?
: N /\‘A/\A\/\/\‘/\AA N /\1[\ ‘/\ [\ A 1 1 . 1
SRR AR PeRTAY \/ 3 "

This gives the predicted values of the state variable for the next 15 points.

In[31] := KalmanPredictor[Take[kf[[-1]], 2], F, Q, 15];

PlotLabel -> "smoothed

trend"]
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We plot the smoothed trend together with the next 15 predicted values of the trend.

In[32] := ListLinePlot[{Transpose[{Range[6, 100], ks[[1, All, 1]1}].,
Transpose[{Range[101, 115], %[[1, All, 1]]1}1}.
PlotStyle -> {{Thin}, {Dashing[{0.02}]}}]
7
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Here the smoothed seasonal component is plotted together with the next 15 predicted values.

In[33] := ListLinePlot|[{Transpose[{Range[6, 100], ks[[1, All, 3]1]1}1]1,
Transpose[{Range[101, 115], %%[[1, All, 311}1}.,
PlotStyle -> {{Thin}, {Dashing[{0.02}]1}}]
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Parameter Estimation and Prediction

The likelihood function of a state-space time series can be easily calculated using the Kalman filter technique.

The joint

foe-1 = E(Yt

density of {Yy, Yy, .., Yr} is L= Hthlp(Yt | I;-1), where

- lA/ﬂt_l) (Yt - lA/ﬂt_l),. The log likelihood is given by

P(Yt [ I;1) =

N(?tlt—llﬁlt—l) and
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T

Z(Yf - {/tlt—l)’ftl_tl—l (Yt - {/ﬂt_l) + const.
t=1

InL ! TEI !
nL=-- n | fy— -
24 Jie= 2

Note that if the first m values of data are used to calculate the starting values, the lower limit of the summations
is t=m+1 and the corresponding Log L is the conditional log likelihood, conditional on y1, ¥, ..., ¥, being
fixed.

If you wish to get the logarithm of the likelihood function of a state-space time series, you can use the function
LogLikelihood [data, init, F, G, Q, R, ¢, d]

Note that it has the same input arguments as those of KalmanFilter. When the first m points of the series are
used to calculate the initial values init, data should start from y,,.1; when any one of F, G, Q, R, ¢, d is time
dependent, the above arguments to LogLikelihood, F, G, Q, R, ¢, d, should be replaced by
{FEms+2, Fiess oo Fri1), (G, Guaa, -.., Gr}, etc. Again, if ¢ = 0 and d = 0, the last two arguments can be omitted.

Example 9.3 We again look at the local level model (see Example 9.1). This time we try to
estimate the variance parameters of the model from the given series.

We generate a time series of length 300 according to the local level model (9.5).

In[34] := (SeedRandom[34561];
eta = RandomSequence[0, 1, 300];
mu = Accumulate[eta];
datal = RandomSequence[0, 0.5, 300] + mu;)

This gives the initial values. Note that the parameters to be estimated should be in symbolic form.

In[35]:= init = getInit[datal[[1]], 1, 1, g, r]

out[35]= {0.00601132, gq+r}

To get the maximum likelihood estimate of the parameters, we need to maximize the likelihood function. This is done using
the built-in Mathematica function FindMinimum. Note that the function to be minimized is the negative of the log likelihood
function. Also, we define a special function which evaluates only for numerical input to prevent FindMinimum from
attempting symbolic preprocessing that can potentially take a long time.
In[36]:= Clear[f, if];
if = Function[Evaluate[init /. {g-» #1, r > #2}]];
f[g_ ?NumericQ, r ?NumericQ] := -LogLikelihood[Rest[datal], if[q, r], 1, 1, g, r]

In[39] := FindMinimum[f[qg, r], {g, 0.8, 0.9}, {r, 0.4, 0.45}]

out[39]= {241.189, {g— 0.740656, r > 0.676455}}

In(40] := Clear[f, if];
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| Example 9.4 Here we give another example using the local linear trend model.

We generate a series from the local linear trend model.

In[41] := (SeedRandom[4563456];
eta = RandomSequence[0, 1, 100];
zeta = RandomSequence[0, 0.05, 100];
beta = Most[Accumulate[Flatten[{0.2, zeta}]]]:
mu = Accumulate[beta + eta];
data2 = mu + RandomSequence[0, 0.5, 100];)

The initial values depend on the parameters g1 = 0'%, g2 = O'?, andr = 0'?, which are to be estimated.
In[42] := init = getInit[Take[data2, 2], {{1, 1}, {0, 1}}, {{1, 0}}, {{gl, 0}, {0, g2}}, r]

out[42]= {{3.26142, 1.19105}, {{2gl+g2+5r, gl+g2+3r}, {gl+g2+3r,gl+2g2+2r}}}

This gives the estimate of the parameters.

Clear[f, if];
if = Function[Evaluate[init /. {ql » #1, g2 » #2, r » #3}]];
f[gl_ ?NumericQ, g2 ?NumericQ, r_ ?NumericQ] :=
-LogLikelihood[Drop[data2, 2], if[qgl, g2, r],

{1, 1}, {0, 1}}, {{1, 0}}, {{gl, 0}, {0, g2}}, 7]

In[43]:

In[46] := FindMinimum[£f[ql, g2, r], {qal, 0.9, 1.0}, {g2, 0.03, 0.04}, {r, 0.3, 0.4}]

out [46]= {87.4351, {gl > 1.65597, g2 - 0.0153902, r—> 0.154643}}
In[47] := Clear[£f, if];

Having obtained the estimated parameters, we can now use them to predict the future trend f, o by using

KalmanPredictor. First, we calculate {X; 1y, Pt,1;) from KalmanFilter.

We substitute the estimated parameters.
In[48] := {init, ql, g2, r} = {init, ql, g2, r} /. %%[[2]]

out[48]= {{{3.26142, 1.19105}, {{4.10054, 2.13529}, {2.13529, 1.99604}}},
1.65597, 0.0153902, 0.154643}

These are the values of {X;, 1, Py}

In[49] := Take[KalmanFilter [Drop[data2, 2], init,
{{1, 1}, {0, 1}}, {{1, 0}}, {{ql, 0}, {0, g2}}, r][[-1]11, 2]

out [49]= {{33.9048, 0.0714478}, {{1.99444, 0.181865}, {0.181865, 0.184168}}}

This gives the next 20 predicted values of X and their mean square errors.

In[50] := KalmanPredictor[%, {{1, 1}, {0, 1}}, {{gl, 0}, {0, g2}}, 20];
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The predicted trend is given by the first component of X.
In[51]:= %[[1, All, 1]]

out [51]= {33.9048, 33.9762, 34.0477, 34.1191, 34.1906, 34.262,
34.3335, 34.4049, 34.4764, 34.5478, 34.6192, 34.6907, 34.7621,
34.8336, 34.905, 34.9765, 35.0479, 35.1194, 35.1908, 35.2623}

This shows the predicted trend along with the given series.

In[52] := ListLinePlot[{data2, Transpose[{Range[101, 120], %}]1}.
PlotStyle -> {{Thin}, {Dashing[{0.02}]}}]
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Example 9.5 As a final example, we look at the AR(2) model and show that the Kalman
filter approach gives the same estimation of parameters as the method introduced in the
previous sections.

This generates an AR(2) series of length 50.

In[53] := (SeedRandom[45847];
data3 = TimeSeries[ARModel[{0.9, -0.5}, 1], 50];)

This gives the initial Pyjp.

In[54] := PO:getP[{{Pll 1}1 {pzl 0]'}1 {{q: o}l {ol 0}}]

(1-p2°) q (p1p2 +p1p2°%) g

out [54] = {{ 2 2 2 2.2 g’ 2 2 2 22 4
1-pl® -2pl°p2-2p2° -pl” p2° +p2 1-pl® -2pl°p2-2p2° -pl” p2° +p2

{ (p1p2+p1p2®) q (p2? -p2*) g

' i

1-pl?-2pl1?p2-2p2%-p1?p2?2 +p2* 1-p1?-2pl?p2-2p2%-p1?p2?+p2*
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FindMinimum finds the parameter values that maximize the likelihood function.

Clear[£f, if];
if = Function[Evaluate[PO /. {pl » #1, p2 » #2, g-» #3}]];
f[pl ?NumericQ, p2 ?NumericQ, g ?NumericQ] :=
-LogLikelihood[data3, {{0, 0}, if[pl, p2, q]}.,

{{p1, 1}, {p2, 0}}, {{1, 0}}, {{q, O}, {0, 0}}, O]

In[55]:

In[58] := FindMinimum[f[pl, p2, q], {pl, 0.8, 0.9}, {p2, -0.5, -0.55}, {q, 0.8, 0.9}]

out[58]= {33.0088, {pl— 0.898357, p2 > -0.567971, q— 1.34557}}

We can get the same result using MLEst imate. Note that for the one-dimensional ARMA model, the concentrated likeli-
hood is calculated. Therefore, the variance q should not be included as a search parameter.

In[59] := MLEstimate[data3, ARModel[{pl, p2}, q], {pl, {0.8, 0.9}}, {p2, {-0.5, -0.55}}]

out [59]= ARModel [{0.89833, -0.568009}, 1.34557]

Note that the value of the log likelihood is different from that obtained using the Kalman filter. This is because the former
calculates the concentrated likelihood whereas the latter, the full likelihood (apart from a constant).

In[60] := LogLikelihood[data3, %]

out [60]= -0.320353

On the other hand, had we used the first two data points to calculate the initial values, we would have effec-
tively obtained the conditional maximum likelihood estimate, conditional on the first two data points being
fixed.

The initial values obtained this way correspond to using a diffuse prior.

In[61] := (Clear[pl, p2, q];
getInit[Take[data3, 2], {{pl, 1}, {p2, 0}}, {{1, 0}}, {{g, 0}, {0, 0}}, O])

out[61]= {{2.33614pl+1.42358p2, 2.33614p2}, {{qg, 0}, {0, 0}}}

This gives the estimated parameters.

In[62] := Clear[£f, if];
if = Function[Evaluate[%% /. {pl » #1, p2 » #2, g-» #3}]];
f[pl ?NumericQ, p2 ?NumericQ, g ?NumericQ] :=
-LogLikelihood[Drop[data3, 2], if[pl, p2, ql,
{{p1, 1}, {p2, 0}}, {{1, 0}}, {{g, O}, {0, O}}, O]
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In[65] := FindMinimum[f[pl, p2, q], {p1, 0.8, 0.9}, {p2, -0.5, -0.55}, {g, 0.8, 0.9}]

out [65]= {31.1975, {pl > 0.894475, p2 > -0.569652, g—» 1.34971}}

In[66] := Clear[f, if]

We can get the same result much faster using ConditionalMLEstimate.

In[67] := ConditionalMLEstimate[data3, 2]

out [67]= ARModel[{0.894475, -0.569652}, 1.34972]



1.10 Univariate ARCH and GARCH Models

In the time series we have considered so far, the disturbances or errors {Z;} are assumed to be homoskedastic, that
is, the variance of Z; is assumed to be independent of t. Autoregressive Conditional Heteroskedasticity (ARCH)
models and Generalized Autoregressive Conditional Heteroskedasticity (GARCH) models are used to model changes
in the variance of the errors as a function of time. An ARCH process of order 4, ARCH(g), is given by (see Engle
(1982))

Zy=vi\ Iy (10.1)

where {1} is an independently distributed Gaussian random sequence with zero mean and unit variance; #; is
the conditional variance of Z; conditional on all the information up to time t -1, I;_1:

E(th | It—l) = ht =qy+ a1 Z%_l + ap Z%—Z + -+ a(q th_q (102)

GARCH models are generalizations of ARCH models where /;, the conditional variance at time ¢, depends on
earlier variances. That is, a GARCH(p, q) process is given by (10.1) with (see Bollerslev (1986))

q P
h =g + Za,- 2.+ Z Bih,_;. (10.3)
i=1 i=1

When p = 0 we have an ARCH(g) model; when both p and g are zero, Z; is simply white noise.
An ARCH(g) model and a GARCH(p, ) model are represented in this package by
ARCHModel [{ag, a1, ..., ag}]
and
GARCHModel [{ag, a1, ..., ag}, {B1, B2, --ov Bp}l,
respectively. Note that since the variance is positive, we usually have @y > 0, ; = 0, and ; = 0 for i > 0.

To generate an ARCH or a GARCH process, we can again use the function TimeSeries.

Example 10.1 Generate a time series of length 10 according to the ARCH(2) model

zi =vi\ by where hy = 0.05+0.2z2, +0.527,.
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We load the package first.

In[1] := Needs["TimeSeries TimeSeries ™ "]

The random number generator is seeded.

In[2] := SeedRandom[23458];

This generates a time series of length 10 according to the given ARCH(2) model.

In[3]:= data = TimeSeries[ARCHModel[{0.05, 0.2, 0.5}], 10]

out [3]= {0.429864, 0.352351, -0.0516678, 0.288368, -0.0652888,
-0.180396, -0.298827, -0.140906, 0.102956, -0.272234}

Note that the initial values of z; (t=—-g+1, ..., =1, 0) are needed to generate a time series from an ARCH(qg)
model. As in the case of generating a time series from an ARMA model, a third argument can be given to
TimeSeries to specify the initial values {z_q+1, Z g42s - zo} (or {{h_p+1, hopi2, ..., ho}, {z_q+1, Zogi2s e zo}} in the
case of a GARCH model). If the third argument is omitted, the initial values are all set to zero as was tacitly
done in Example 10.1.

Example 10.2 Generate a time series of length 10 according to the GARCH(1, 1) model
with @y = 0.05, @; = 0.5, and 3; = 0.32 and with the initial values zyp = 0.1and hy = 0.3.

This generates a time series of length 10 according to the given GARCH(1, 1) model.
In[4] := (SeedRandom[23458];
data = TimeSeries[GARCHModel[{0.05, 0.5}, {0.32}], 10, {{0.3}, {0.1}}1])

out[4]= {0.747024, 0.733993, -0.0838224, 0.378839,
-0.10741, -0.200897, -0.4034, -0.197666, 0.114754, -0.338252}

The so-called ARCH- or GARCH-regression model is a regression model with the disturbances following an
ARCH process (see (10.1) and (10.2)) or a GARCH process (see (10.1) and (10.3)), respectively. That is,

Yt = X; b+ Zt (104:)

where x; is a known column vector that can contain lagged values of Y (i.e., y;_1, ¥-2, ... etc.), and b is a column
vector of unknown parameters. The first term on the right-hand side of (10.4) is the conditional mean of Y;; that
is, E(Y¢ | I-1) = x; - b = m;, and the conditional variance of Y; is that of Z; and is given by (10.2) or (10.3).

An AR-ARCH model has {Y;} following an AR process and the disturbances {Z,;} following an ARCH process. It
is easy to see that in this case, x; = {yt_l, Y2, --e yt_p} and b’ = {¢1, ¢, ..., ¢p}. If the AR process has a constant

term (i.e., nonzero mean), then we have x; = {1, Y1, Ye=2, oo yt_p} and b’ = {,u, o1, ¢, ..., ¢p}.
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Example 10.3 Generate a time series of length 100 according to the AR(2)-ARCH(1, 1)
model with ¢1 = 0.2, ¢ = -0.5, g = 0.06, @1 = 0.4, and B; =

This series is generated from the given GARCH(1, 1) model. This will be used as the disturbances to generate the AR(2)
series below.

In[5] := (SeedRandom[4584715];
z = TimeSeries[GARCHModel[{0.06, 0.4}, {0.7}], 100];)

This generates the AR(2) time series with the given GARCH disturbances. Note that the last entry {0, 0} contains the initial

values of ¥, {y-1, Vo).

In[6] := data = TimeSeries[ARModel[{0.2, -0.5}], z, {0, 0}];

The series is plotted here.

In[7] := ListLinePlot[data]

b AWW\/\ Ly AUMVAVH AL
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1.10.1 Estimation of ARCH and GARCH Models

From the definition of the ARCH(g) model, it is clear that the correlation E(Z; Z,,) (k # 0) is zero. However, it is
easy to see that Z? follows an AR(g) process. Similarly, if {Z;} is a GARCH(p, q) process, Z? follows an ARMA(s,
p) process, where s = Max(p, ). This can be used to help identify the orders of ARCH or GARCH models.

The maximum likelihood method is often used to estimate the parameters of an ARCH or GARCH model. The
logarithm of the Gaussian likelihood function is given by (apart from an additive constant)

No(1 z?
Z ——Inh - —| (10.5)
2 2h

t=1

where z;( = y; — m;) conditional on I;_; is normally distributed with zero mean and variance #;. The function

LogLikelihood [z, modell
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gives the logarithm of the likelihood (10.5), where model can be ARCHModel or GARCHModel and
z ={z1, 23, ..., zN}. Note that the presample values of {z3q+1, s z%l, z%} and {h_p+1, e, hq, ho} are assumed to be

equal to a fixed value sigma2, and it can be specified using the option PresampleValue -> sigma2. The
default setting for PresampleValue is Automatic, which corresponds to using the sample equivalence of o,

(10.6)

sigma? =

2
Wz (S
ik

For example, this calculates the logarithm of the likelihood function for GARCH series z given in Example 10.3.

In[8] := LogLikelihood[z, GARCHModel[{0.06, 0.4}, {0.7}]]

out [8]= —71.0145

To calculate the likelihood for series with nonzero conditional mean (m; # 0), we can subtract the mean from the
data before using the function LogLikelihood, or we can use

LogLikelihood [data, model, X, blist]

where X is the matrix in the regression model (10.4) and blist is the list of parameters b. If the regression model
is an AR model, we can use

LogLikelihood [data, model, ARModel [philist] ]
or
LogLikelihood [data, model, ARModel [philist] , u]

when the AR model has nonzero mean mu. For example, when data = {y;} is an AR-ARCH (or AR-GARCH)
series, the conditional mean vector is X- {¢1, ., ¢p}, where the matrix X={x{, x5, ..., x}\,} and
X; = {yH, Y2, oo yt,p}. The following program allows us to get the matrix X given the values y = {y;} and p.

This gives the matrix X defined above.

In[9]:= getX[y List, p ] := Most[Drop[Transpose[NestList[RotateRight, y, p-1]], p-1]]

Note that if the input y in getX is {y1, ¥2, ..., Yn}, we get X = {x;,+1, x]’g+2, e x}\,} So we should drop the first p
points from the series to get y; —x;-b for t =p + 1, ..., N. (That is, the series now has length N — p.) On the other
hand, if we want to keep all N data points in our series, we need to prepend p initial points {y_p+1, e Y1, yo} to
y before getting the matrix X. The following example shows the difference.

This gives the logarithm of the likelihood function of the AR-GARCH series data. Note that the difference between this
value and that for the series z arises because here we drop the first 2 points of the series.

Inf10] := (X =getX[data, 2];:
LogLikelihood|[Drop[data, 2] -X.{0.2, -0.5}, GARCHModel[{0.06, 0.4}, {0.7}11)

Out[10]= —-71.7491
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Here we include {y_1, Yo} = {0, 0}, and the likelihood is calculated for the series of length N.

In[11] := (X =getX[Join[{0, 0}, data], 2];
LogLikelihood[data - X.{0.2, -0.5}, GARCHModel[{0.06, 0.4}, {0.7}1])

-71.0145

Out [11]

You can, of course, also obtain the log likelihood directly.

In[12] := LogLikelihood[data, GARCHModel[{0.06, 0.4}, {0.7}], ARModel[{0.2, -0.5}]]

Out [12]= —-71.7491

Once the likelihood function is calculated, we can in principle estimate the model parameters by maximizing
the likelihood function (or minimizing its negative). This can be accomplished in some cases by using the built-
in function FindMinimum. For example, to find the GARCH parameters from the series z, we can do the follow-
ing.

This gives the maximum likelihood estimate of the GARCH parameters. Note that two initial values are required for each
parameter in the search. The result depends in general on the presample values. The default presample values are used here.
In[13] := FindMinimum[-LogLikelihood[z, GARCHModel[{ao, a1}, {Bi1}11.
{ao, 0.1, 0.12}, {az, 0.3, 0.4}, {Bi, 0.6, 0.8}]

out[13]= {69.7163, {0g > 0.0408018, o; - 0.499703, B > 0.61434}}

Using FindMinimum we can easily incorporate the constraints imposed on the parameters. For example, in the

. . . 2 1
following, we impose the constraints, a, = o, 3=z

This generates an ARCH series witha = 0.6, a0 =2/3 a1, @3 =1/3 ;.

In[14] := (SeedRandom[4587];
o = 0.6;
datal = TimeSeries[ARCHModel[{0.05, a;, 2/3ai, 1/3a1}], 100];)

The constraints are put in explicitly and there are only two parameters to estimate.

In[15] := FindMinimum[-LogLikelihood[datal, ARCHModel[{ag, a1, 2/3 a1, 1/3a1}]1].,
{ap, 0.05, 0.12}, {a;, 0.4, 0.5}]

out[15]= {-12.3155, {0g » 0.0590563, 0.6 - 0.527295}}

However, when the number of parameters is large, the function FindMinimum can either be very slow or can
go into parameter regions where the LogLikelihood function is complex. In these cases, the function Condi -
tionalMLEstimate should be used to estimate ARCH or GARCH parameters.

ConditionalMLEstimate [data, model]

fits the specified model to data using the maximum likelihood method, where model can be ARCHModel or
GARCHModel. The presample values of z* and  are fixed (or conditioned upon) and the BHHH algorithm (see
Berndt et al. (1974)) is used in the numerical search for the maximum of the likelihood function. The starting
values of the parameters are given inside model. Note that the output of ConditionalMLEstimate is a list
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containing two parts. The first part is the estimated model, and the second is the root mean square errors given
by the last iteration of the BHHH algorithm.

Note that the result is a list containing two parts. The first part is the estimated model, and the second is the root mean
square errors given by the last iteration of the BHHH algorithm.

In[16] := modell = ConditionalMLEstimate[z, GARCHModel[{0.1, 0.1}, {0.9}1]1]

out[16]= {GARCHModel[{0.0409048, 0.49959}, {0.614326}], {{0.0544903, 0.161987}, {0.0978399}}}

When estimating the parameters of the ARCH and GARCH models using ConditionalMLEstimate, we
must be cautious about the following points. First, the maximum can depend on the initial conditions, and there
is no guarantee that the maximum obtained using a particular set of initial parameter values is the global
maximum. Second, since the estimate is conditioned on the presample values, the result can depend on the
presample values. The following examples illustrate these dependencies.

Comparing with the above result model1, we see that different starting parameter values can give rise to different esti-
mated model parameters. Note that 51 < 0 in this estimate.

In[17] := model2 = ConditionalMLEstimate[z, GARCHModel[{0.5, 0.05}, {0.1}]]

out[17]= {GARCHModel[{0.0406652, 0.49987}, {0.614364}], {{0.0548145, 0.161957}, {0.0980003}}}

This shows that model2 is not a global maximum.

In[18] := {LogLikelihood[z, modell[[1]]], LogLikelihood[z, model2[[1]]1]1}

out [18]= {-69.7163, -69.7163}

Here the presample values are set to zero through the option PresampleValue. Since the likelihood function depends on
the presample values, so does its maximum value in general.

In[19] := ConditionalMLEstimate[z, GARCHModel[{0.1, 0.1}, {0.9}], PresampleValue -> 0]

out [19]= {GARCHModel[{0.042347, 0.385326}, {0.696215}], {{0.0249406, 0.135533}, {0.0999806}}}
To estimate an ARCH-regression (or GARCH-regression) model (10.4), we can use
ConditionalMLEstimate [data, model, X, blist],

where model is either ARCHModel or GARCHModel, X is the matrix in the regression model (10.4), and blist is the
list of initial parameter values b. If the regression model is an AR model, we can also use

ConditionalMLEstimate [data, model, ARModel [philist] ]
or
ConditionalMLEstimate [data, model, ARModel [philist] , ul

when the AR model has a nonzero mean p. The following example illustrates how to estimate the parameters of
an AR-GARCH model using ConditionalMLEstimate.
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This generates the AR(2) time series with the given GARCH disturbances. Note that the last entry {0, 0} contains the initial
values of v, {y_1, Yo}

In[20] := (SeedRandom[4 584 715];
z = TimeSeries[GARCHModel[{0.06, 0.4}, {0.7}], 100];
data = TimeSeries[ARModel[{0.2, -0.5}], z, {0, 0}];)

Note that the corresponding root mean square error is included in the second part of the output.
In[21] := ConditionalMLEstimate[data, GARCHModel[{0.1, 0.1}, {0.9}], ARModel[{0.1, -0.4}]]

out [21]= {{GARCHModel[{0.0497434, 0.489292}, {0.608463}], ARModel[{0.0174107, -0.413086}]},
{{{0.062788, 0.169309}, {0.119431}}, {0.120872, 0.112056}}}

When using ConditionalMLEstimate to estimate the model parameters, the presample values are fixed and
do not change during the search for the maximum. When using the default presample value given by (10.6), the
presample values can be a function of initial parameters. Therefore, different initial parameter values can affect
the result of maximization. We can iterate the maximization process to get a consistent result.

When we change the initial parameter values, the result also changes. A convergent result can be obtained by iteration.
In[22] := ConditionalMLEstimate[data, %[[1, 1]], %[[1, 2]]]

out [22]= {{GARCHModel[{0.0493484, 0.487968}, {0.60972}], ARModel[{0.0178315, -0.413022}]},
{{{0.0626363, 0.168979}, {0.119539}}, {0.120956, 0.112103}}}

However, the presample values are not fixed when using FindMinimum. It changes during the search for optimal
parameters.

In[23] := FindMinimum[
-LogLikelihood[Drop[data, 2] -getX[data, 2].{¢1, ¢}, GARCHModel[{ao, ai}, {B1}11],
{a, 0.05, 0.04}, {ai, 0.1, 0.12},
{B1, 0.85, 0.9}, {¢1, 0.2, 0.25}, {¢>, -0.4, -0.45}]

out [23]= {68.7031, {ap, > 0.0497801, 0.6 - 0.48895, 31 - 0.608726, ¢; - 0.0154191, ¢, » -0.41687}}

1.10.2 ARCH-in-Mean Models

The ARCH-regression model can be generalized to include the cases where the conditional mean m; is a func-
tion of h;. This is the so-called ARCH-in-mean model (see Engle, Lilien, and Robins (1987) and Domowitz and
Hakkio (1985)). For example, for an ARCH-in-mean (or GARCH-in-mean) regression model, (10.4) is general-
ized to

where I, is given by (10.2) (or (10.3)) and f(h) is usually \/; or h. (Other functions like In} are also possible.)
The ARCH-in-mean or GARCH-in-mean models are represented by
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ARCHModel [alphalist, J, f]
or
GARCHModel [alphalist, betalist, J, f1,

respectively. Note that the function f should be input as a symbol representing a built-in function (e.g., Sqrt,
p y p y P g g

Identity, Log, represent f(h) = \/; , f(h)=h, and f(h)=Inh, respectively) or as a pure function (e.g.,
Sqgrt [#] &, etc.). The functions introduced in the previous sections can all be used for ARCH-in-mean models.
However, the default value for PresampleValue is ag / (1 - Z?:l a; — Zle Bi) if the model is ARCH-in-mean or

GARCH-in-mean with q# 0 and a /(1 -3, ;) +0.001 if g = 0. (Note the small number 0.001 in the case of
g = 0. It is added to prevent a constant #; that would have resulted from using ay / (1 - Zf:l ﬁi) as the presample

value.)

Example 10.4 Generate a time series of length 150 according to the given ARCH-in-mean
model model; then estimate its parameters using ConditionalMLEstimate.

This is an ARCH-in-mean model.

In[24] := model = ARCHModel[{0.05, 0.3}, 0.5, sgrt]

out [24]= ARCHModel[{0.05, 0.3}, 0.5, Sqrt]

This generates the time series of length 150 with the given model.

In[25] := (SeedRandom[38470];
datal = TimeSeries[model, 150];)

This gives estimated model parameters. Again, the second part of the output is the root mean square errors of the estimates.

In[26] := ConditionalMLEstimate[datal, ARCHModel[{0.01, 0.1}, 0.7, Sqgrt]]
out [26]= {ARCHModel[{0.039909, 0.550819}, 0.577203, Sgrt], {{0.00707764, 0.1902}, 0.0946216}}

Note that if there is a constant in the regression or AR model, the constant term and ¢ may not be distinguished
as the following example shows.

This generates a GARCH-in-mean series.

In[27] := (SeedRandom[345763];
TimeSeries [GARCHModel[{0.05, 0.3}, {0.4}, 0.5, Sqgrt], 150];)

This generates an AR-GARCH model with a nonzero mean.

In[28] := data = TimeSeries[ARModel[{0.5}], %, {0}] +0.8;
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We see that the estimate for the constant term and 0 are significantly off. The root mean square error for J is very large.

In[29] := ConditionalMLEstimate[data,
GARCHModel[{0.03, 0.2}, {0.2}, 0.5, Sgrt], ARModel[{0.3}], 0.5]

out [29]= {{GARCHModel[{0.0420259, 0.492268}, {0.290676}, 0.39608, Sqrt], ARModel[{0.465656}],
0.497084}, {{{0.0162677, 0.155282}, {0.155344}, 0.324422}, {0.0715291}, 0.118398}}

As we have said earlier, the result can depend on the presample values that are specified in the beginning; in
this case, the presample values are determined by the initial parameter values. We can iterate the estimation to
make sure that the result has converged.

This shows that the result has converged.

In[30] := ConditionalMLEstimate[data, Sequence @@ %[[1]]]

out[30]= {{GARCHModel[{0.0438585, 0.499831}, {0.268788}, 0.32215, Sqrt], ARModel[{0.463658}],
0.526102}, {{{0.0167441, 0.159663}, {0.160427}, 0.313867}, {0.0711064}, 0.118476}}

This gives the log likelihood.

In([31] := LogLikelihood[data, Sequence @@ %[[1]]]

out [31]= 78.4871

1.10.3 Testing for ARCH

Various standard procedures are available to test the existence of ARCH or GARCH. A commonly used test is
the Lagrange multiplier (LM) test. Consider the null hypothesis that there is no ARCH, that is,
@ =ay = =, = 0. It is known that (see, for example, Bollerslev (1986), Egs. (27) and (28)) the LM statistic has

an asymptotic x? distribution with g degrees of freedom under the null hypothesis. If the LM statistic evaluated
under the null hypothesis is greater than y3_,(q), the null hypothesis is rejected at level @. The function

LMStatistic [data, model]

gives the LM statistic, where model is either an ARCH or GARCH model. For an ARCH (or GARCH) regres-
sion model (10.7), we can use

LMStatistic [data, model, X, blist],
or if the regression model is an AR model,
LMStatistic [data, model, ARModel [philist] ],
or
LMStatistic [data, model, ARModel [philist] , ul,

when the AR model has nonzero mean mu.



1.10: Univariate ARCH and GARCH Models 153

For example, in Example 10.4 we estimated the ARCH-in-mean model with g =1. We can test the hypothesis
that both conditional mean and variance are in fact constant by testing the null hypothesis g=0. In the

Lagrange multiplier test, the parameters used are those obtained under the null hypothesis. So we first estimate
the model parameters with g = 0.

This gives the estimated model parameters under the null hypothesis.

In[32] := ConditionalMLEstimate[datal, ARCHModel[{0.01}, 0.7, Sqrt]]

out [32]= {ARCHModel[{0.0895768}, 0.54372, Sqrt], {{0.0105124}, 0.10468}}

The alternative hypothesis is ¢ = 1. This is the estimated ARCH-in-mean(1) model obtained under the null hypothesis.
In[33] := modelnull = MapAt [Append[#, 0] &, %[[1]], {1}]
out [33]= ARCHModel[{0.0895768, 0}, 0.54372, Sgrt]

Note that under the null hypothesis the series is simply white noise with a mean of 6 V @y and variance of a.
Therefore, we can estimate ag and ¢ simply using the sample estimates.

This gives the sample mean.

In[34] := Mean[datal]

out [34]= 0.162833

This is the sample variance. It is the estimated «.

In[35] := CovarianceFunction[datal, 0]

out[35]= {0.0896269}

This gives the estimated 6.

In[36]:= %%/ Sqrt[%]

out [36]= {0.543906}

The LM statistic is obtained using the model estimated under the null hypothesis.

In[37] := lms = LMStatistic[datal, modelnull]

out [37]= 37.3643

The number Y3 gs(1) is much smaller than the above 1ms. So we can reject the null hypothesis of q=0.
In[38] := Quantile[ChiSquareDistribution[1l], 0.95]

out [38]= 3.84146
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Here is another example. Again we first generate an ARCH(3) model.

In[39] := (SeedRandom[4587];
data = TimeSeries[ARCHModel[{0.05, 0.6, 0.4, 0.2}], 100];)

The null hypothesis is an ARCH(1) model and the parameters are estimated under the null hypothesis.

In[40] := ConditionalMLEstimate[data, ARCHModel[{0.2, 0.4}]]

out [40]= {ARCHModel[{0.104522, 0.858552}], {0.0280633, 0.270444}}

The alternative hypothesis is ARCH(3); here we compute the LM statistic for this case.

In[41] := LMStatistic[data, ARCHModel[Join[%[[1, 1]], {0, 0}1]]

Out [41]= 5.32774

The above LM statistic does not exceed this number by a large amount. So the null hypothesis of ARCH(1) is not rejected.

In[42] := Quantile[ChiSquareDistribution[2], 0.95]

Out [42]= 5.99146

Here we generate a GARCH(2,1) series.

In[43] := (SeedRandom[563651];
data = TimeSeries [GARCHModel[{0.05, 0.3, 0.5}, {0.2}], 100];)

The null hypothesis is AR(1) and this estimates its parameters.

In[44] := ConditionalMLEstimate[data, ARCHModel[{0.1, 0.5}]][[1]]

out [44]= ARCHModel [{0.355812, -0.0545774}]

In this case there is evidence to reject the null hypothesis.

In[45] := {LMStatistic[data, GARCHModel[Join[%[[1]]., {0}]1, {0}11.
Quantile[ChiSquareDistribution[2], 0.95]}

out [45]= {6.01793, 5.99146}

Note that it is known that a general test for GARCH(p, g) is not feasible (see Bollerslev (1986)).



1.11 Examples of Analysis of Time Series

We illustrate the procedures and Mathematica functions outlined in earlier sections by considering a few exam-
ples of time series analysis. The reader should keep in mind that in each of the following examples the interpreta-
tion of the data and the model fitted are by no means unique; often there can be several equally valid interpreta-
tions consistent with the data. No package can be a substitute for experience and good judgment.

Example 11.1 The file csp.dat contains the common stock prices from 1871 to 1970. We
read in the data using ReadList.

We load the package first.

In[1] := Needs["TimeSeries TimeSeries "]

This reads in the data.

In[2] := csp = ReadList[ToFileName[{"TimeSeries", "Data"}, "csp.dat"], Number];

As we have emphasized earlier, the first thing to do in analyzing a time series is to look at its time plot.

Here is a plot of the data.

In[3] := DateListPlot[csp, {{1871}, {1970}},
PlotRange -> All, Joined -> True, AxesLabel -> {"t", "xt"}]

T
Lo

80 -

L
Lo

60 - -

out [3] =

T
Lo

40 - -

T
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20 - -

T
Lo
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We see that the series rises sharply with time, clearly signaling the nonstationary nature of the series, and
indicating the need to transform the data to make it stationary. Here is the time plot of the series after the
logarithmic transformation.
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This plots the transformed data.
In[4] := ListLinePlot[Log[csp], AxesLabel -> {"t", "ln(x:)"}]
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The variability in the series has been reduced. However, a rising trend still persists. We difference the series to
obtain a constant mean series.

data contains the differenced series.

In[5]:= data = ListDifference[Log[csp], 1];

This is the plot of data.
In[6] := ListLinePlot[data, AxesLabel -> {"t", "(1-B)ln(x:)"}]

(1-B) In(x¢)
0.4+

S | KR LRLUN L

Now that the mean appears steady, we assume the series has a constant mean (the reader is encouraged to
devise tests to check this) and evaluate it.

This gives the mean.

In[7] := Mean[data]

out[7]= 0.0291236
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We subtract this sample mean from the series to make it a zero-mean series.

The data are transformed to a zero-mean series.

In[8] := data = data - Mean[data];

The length of the data is n.

In[9] := n = Length[data]

out [9]= 99

Now we can fit data to a stationary time series model. In order to select an appropriate model, we first look at
its correlation and partial correlation functions.

This gives the sample correlation function.

In[10] := corr = CorrelationFunction[data, 20];

To plot the correlation function, we redefine the function plotcorr here.

In[11] := Plotcorr[corr , opts ] :=ListPlot[corr, DataRange -> {0, Length[corr] - 1}, opts]

This is the correlation plot.
In[12] := plotcorr[corr, Joined -> True, AxesLabel -> {"k", "p(k)"}]

o (k)

0.5

Out [12]=
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Here the sample partial correlation function is plotted.

In[13] := ListLinePlot[PartialCorrelationFunction[data, 20], AxesLabel -> {"k", "¢, "}]
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We see that both the correlation and partial correlation functions decay quickly to small values. This indicates
that the series can be fitted to models of relatively low order. We use the Hannan-Rissanen procedure to select
models and get preliminary estimates.

These are five models selected by the Hannan-Rissanen procedure.

In[14] :- HannanRissanenEstimate[data, 10, 6, 6, 5]

out[14]= {ARModel[{0.223037}, 0.0246806], MAModel[{0.218863}, 0.0250601],
ARModel [{0.265727, -0.1874}, 0.0239958], MAModel [{0.231584, -0.153218}, 0.0246679],
ARMAModel [{0.523774, -0.255097}, {-0.306381}, 0.0238409]}

These selected models with their estimated parameters are used as input to the function that performs the
conditional maximum likelihood estimate.

The five models are further estimated using the conditional maximum likelihood method.

In[15] := models = ConditionalMLEstimate[data, #] & /@ %

out [15]= {ARModel[{0.223037}, 0.0246806], MAModel[{0.30951}, 0.0239137],
ARModel [{0.265727, -0.1874}, 0.0239958], MAModel [{0.251582, -0.131713}, 0.0235999],
ARMAModel [{0.937435, -0.318558}, {-0.718786}, 0.0233558]}

We obtain the AIC values for the five models, AR(1), MA(1), AR(2), MA(2), and ARMA(2, 1), specified above.

This gives the AIC values.

In[l6] := AIC[#, n] & /@ %

out[16]= {-3.68154, -3.7131, -3.68947, -3.70611, -3.6963}

We see that the lowest AIC values correspond to MA(1) and MA(2) models. We choose these two models for
further exploration using the maximum likelihood method.
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This gives the maximum likelihood estimate of the MA(1) model.

In[17] := mal = MLEstimate[data, MAModel[{6:}, 1], {61, {0.3, 0.305}}]

out [17]= MAModel[{0.309508}, 0.0239101]

This is the AIC value of the MA(1) model.
In[18] := AIC[%, n]

out [18]= —-3.71325

This gives the maximum likelihood estimate of the MA(2) model.

In[19] := ma2 =
MLEstimate[data, MAModel[{6:1, 62}, 1], {61, {0.25, 0.255}}, {65, {-0.13, -0.125}}]

out [19]= MAModel[{0.256541, -0.122621}, 0.0235922]

This is the AIC value of the MA(2) model.
In[20]:= AIC[%, n]
out [20]= -3.70643
Again MA(1) is superior according to the AIC criterion. Note that in this particular example, the estimated

parameters using the maximum likelihood method are very close to those obtained using the conditional
maximum likelihood method. We now tentatively choose MA(1) as our model and proceed to check its ade-

quacy.

From (5.6) the variance of the sample correlation for an MA(1) model for lags k > 1 can be calculated.

This calculates the variance of the sample correlation.
In[21]:= (1 +2corr[[2]]"2) /n

out[21]= 0.0110795

Here is the bound.
In[22]:= 2 Sqrt[%]

out [22]= 0.210518

The sample correlation function shown above is within this bound with the exception of p(5). So the behavior of
the sample correlation function obtained from the data is consistent with the MA(1) model. Next we calculate
the residuals and see if they form a white noise process.

The residuals are calculated first.

In[23]:= res = Residual[data, mal];
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The residual correlation function is displayed along with the bounds.

In[24] := Show[plotcorr[CorrelationFunction[res, 25]],
Plot[{-2/8Sqgrt[n], 2/8qgrt[n]}, {x, 0, 25}, PlotStyle -> {{Black}}],
PlotRange -> All, AxesLabel -> {"k", "p(k)"}]

out [24] =

-0.2 -

We see that the correlation function of the residuals resembles that of a white noise. The portmanteau test also
confirms the adequacy of the MA(1) model.

This gives the portmanteau statistic Qj, with i = 20.

In[25] := PortmanteauStatistic[res, 20]

out [25]= 19.7014

The model passes the test.

In[26] := Quantile[ChiSquareDistribution[19], 0.95]

out [26]= 30.1435
So we finally arrive at the model (1 — B) In X; = 0.029 + Z; + 0.31 Z;_; where the noise {Z;} has a variance 0.024.
We can get the standard error of 6 by calculating the asymptotic variance of the estimator.

Here is the asymptotic variance of él.

In[27] := AsymptoticCovariance[mal]

out [27]= {{0.904205}}

This is the standard error of 91.

In[28] := SqQrt[% / n]

out [28]= {{0.0955687}}
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The disadvantage of choosing an MA(1) model is that it cannot account for the relatively large value of the
sample correlation at lag 5. To account for the large ¥(5) a higher-order model is needed. For example, the AR(5)

model obtained from the maximum likelihood estimate (with ¢5 fixed to be 0)

ARModel [{0.223396, -0.209017, 0, -0.147311, -0.171337}, 0.0219622]

produces a correlation function that better resembles the sample correlation function. It also has a slightly lower

AIC value than the MA(1) model.

thousands from 1948 to 1981 for men of ages between 16 and 19.

I Example 11.2 The file unemp . dat contains the U.S. monthly unemployment figures in

This reads in the data.

In[29] := unemp = ReadList[ToFileName[{"TimeSeries",

Here is a plot of the data.

"Data"}, "unemp.dat"], Number];

In[30] := DateListPlot[unemp, {{1948, 1}, {1981, 12}}, Joined -> True,

1200 [
1000 [~
800
Out [30] =
600
400

200

We plot the sample correlation function.

In[31] := pPlotcorr[CorrelationFunction[unemp,

p (k)

Oout [31]=

AxesLabel -> {"t", "x."}]

60], Joined -> True, AxesLabel -> {"k", "p(k)"}]
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The clear periodic structure in the time plot of the data is reflected in the correlation plot. The pronounced peaks
at lags that are multiples of 12 indicate that the series has a seasonal period s = 12. We also observe that the
correlation function decreases rather slowly to zero both for p(ks) (k =1, 2, ...) and for p(k) (k is not a multiple
of 12). This suggests that the series may be nonstationary and both seasonal and regular differencing may be
required.

We first transform the series by differencing.

In[32] := data = N[ListDifference[unemp, {1, 1}, 12]];

This is the plot of the sample correlation function of the transformed series.

In[33] := plotcorr[CorrelationFunction[data, 50], Joined -> True, AxesLabel -> {"k", "p(k)"}]

o (k)

out [33] =

This is the plot of the sample partial correlation function of the transformed series.

In[34] := ListLinePlot[PartialCorrelationFunction[data, 50],
AxesLabel -> {"k", "¢y, "}, PlotRange -> All]
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The single prominent dip in the correlation function at lag 12 shows that the seasonal component probably only
persists in the MA part and Q = 1. This is also consistent with the behavior of the partial correlation function
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that has dips at lags that are multiples of the seasonal period 12. The correlation plot also suggests that the
orders of the regular AR and MA parts are small since y(k) is prominent only at k = 1. Based on these observa-
tions, we consider the models with P =0, Q =1 and p <1, g < 1 and the reader is encouraged to try higher-order
models. We will estimate the parameters of these models using the conditional maximum likelihood method.
Specifically, we consider the following three models.

This defines the three models.

In[35] := models = {SARIMAModel[{0, 0}, 12, {-0.3}, {}, {}, {-0.5}, 1],
SARIMAModel[{0, 0}, 12, {}, {}, {-0.3}, {-0.5}, 1],
SARIMAModel[{0, 0}, 12, {-0.3}, {}, {-0.3}, {-0.5}, 1]};

The initial values —0.3 and —0.5 for the parameters are guessed from looking at the sample correlation and
partial correlation functions. For an AR(1) or MA(1) model, p(1) is proportional to ¢; or 6;. So we pick our initial
value for ¢; or 6; to be p(1)~—0.3. For the partial correlation function of an MA(1) model we have

¢k+1,k+1/ ¢~ —61 (see Example 2.11). From our sample partial correlation function, we see that

(}524’24/ &12,12 ~ 0.5, so we choose the initial value of ®; to be —0.5. Before estimating the parameters we first make

sure that the mean value of the series is zero.

This gives the sample mean of the data.

In[36]:= K4 = Mean[data]

out [36]= 0.283544

The mean is subtracted from the data.

In[37] := data = data - u;

n is the length of the data.

In[38] := n = Length[data]

out [38]= 395

This gives the conditional maximum likelihood estimate of the three models.

In[39] := ConditionalMLEstimate[data, #] & /@ models

out [39]= {SARIMAModel[{0, 0}, 12, {-0.257958}, {}, {}, {-0.66107}, 2377.72],
SARIMAModel [{0, 0}, 12, {}, {}, {-0.324612}, {-0.663367}, 2337.27],
SARIMAModel [{0, 0}, 12, {0.207394}, {}, {-0.514409}, {-0.675095}, 2322.52]}

These are the AIC values of the models.

In[40] := AIC[#, n] & /@ %

out [40]= {7.78402, 7.76687, 7.7656}
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We drop the first model because it has a higher AIC value. We use the exact maximum likelihood method to get
better estimates for the parameters of the second and third models.

This gives the maximum likelihood estimate of the second model.

In[41] :- mamodel = MLEstimate[data, SARIMAModel[{O, 0}, 12, {}, {}, {©}, {e}, 11,
{6, {-0.32, -0.325}}, {©, {-0.66, -0.665}}]

out [41]= SARIMAModel[{0, 0}, 12, {}, {}, {-0.325634}, {-0.663346}, 2306.78]

This is the AIC value of the model.
In[42] := AIC[%, n]

out [42]= T7.75374

Here is the maximum likelihood estimate of the third model.

In[43] := MLEstimate[data, SARIMAModel[{0, 0}, 12, {¢}, {}, {6}, {©}, 11,
{¢, {0.195, 0.2}}, {6, {-0.5, -0.505}}, {©, {-0.665, -0.67}}]

out [43]= SARIMAModel[{0, 0}, 12, {0.209597}, {}, {-0.51579}, {-0.670341}, 2295.62]

We obtain the AIC value of this model.
In[44]:= AIC[%, n]

out [44]= 7.75395

So the second model, SARIMA(O, 1, 1)(0, 1, 1)1», is marginally superior and we choose it to be our model. We
check to see if the model is invertible.

The model is invertible.

In[45] := InvertibleQ[mamodel]

out [45]= True

To test the adequacy of the model we first calculate the residuals.

We find the residuals.

In[46] := res = Residual[data, mamodel];
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This plots the sample correlation function of the residuals.
In[47] := Plotcorr[CorrelationFunction[res, 60], Joined -> True, AxesLabel -> {"k", "p(k)"}]

o (k)

Out [47]= 0.05

-0.10

We see that the residual correlation is within the rough bound 2 / V1 ~0.1. Even though the asymptotic stan-

dard deviations of residual correlations can be smaller than 1 / \/7 for small lags, our residual correlations for
small lags are much smaller than the rough bound 0.1.

This gives the portmanteau statistic Qyp.

In[48] := PortmanteauStatistic[res, 40]

out [48]= 33.0707

The model passes the portmanteau test.

In[49] := Quantile[ChiSquareDistribution[38], 0.95]

out [49]= 53.3835

So we conclude that our model is (1 - B) (1 - Blz) X; =0.2835 + (1 — 0.326 B) (1 - 0.663 Blz) Z; where the white
noise {Z;} has variance 2306.8.

To estimate the standard errors of the estimated parameters we invert the estimated information matrix.

This gives the inverse of the information matrix.

In[50] := Inverse[InformationMatrix[data, mamodel]]

out [50]= {{0.89234, 0.0353462}, {0.0353462, 0.581618}}

The standard errors are calculated from the diagonal elements.

In[51] := Sqgrt[Diagonal[%] /n]

out [51]= {0.0475299, 0.0383725}
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The standard errors are about 0.05 for él and 0.04 for @1.

To forecast the future values we first get the predictors for the differenced, zero-mean series data.

This gives the predicted values for data.

In[52] := BestLinearPredictor[data, mamodel,

15,

Exact -> False][[1]]:

We have used the option Exact -> False since n is large and hence it makes little difference in the predicted

values. To get the predicted values for the original series we use the function IntegratedPredictor.

This gives the predicted values for the original series.

In[53]:=

Out [53] =

xhat =

IntegratedPredictor [unemp,

{1, 1},

12,

% + U]

{1079.07, 1095.41, 1031.91, 952.135, 951.854, 1323.82, 1225.77,
1032.37, 986.318, 994.78, 1085.28, 1058.67, 1147.18, 1163.8, 1100.58}

The mean square errors of the prediction are obtained by using the original series and the full model. In this
case the full model is obtained by replacing the differencing orders {0, 0} in mamodel (see Out [44]) by {1, 1}.

These are the mean square errors of the prediction.

In[54] :=

out [54] =

Here we display the next 15 values of the series predicted from the estimated SARIMA model along with the last 40

observed data points.

In[55] := ListLinePlot[{Take[unemp,

1300

1200

1100

out [55] =

1000

We can also define a function, say, plotdata, to plot the data and the predicted values together.
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BestLinearPredictor [unemp, mamodel /.

-40],

{0, 0}

-> {1,

Transpose [ {Range[41,
PlotStyle -> {{Thin}, {Dashing[{0.02}]}}, AxesLabel -> {"t",

|
\10

13},

557,

15][[2]]

{2306.78, 3355.83, 4404.89, 5453.94, 6502.99, 7552.05, 8601.1,
9650.15, 10699.2, 11748.3, 12797.3, 13846.4, 16204.3, 18078.5, 19952.8}

xhat}1},

"xt“}]
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plotdata takes the data and the predicted values and plots them together.

In[56] := plotdata[x , xhat , opts_ ] := ListLinePlot][
{x, Transpose[{Range[Length[x] + 1, Length[x] + Length[xhat]], xhat}]},
PlotStyle -> {{Thin}, {Dashing[{0.02}]}}, opts]

Example 11.3 In this example, we model the celebrated data recorded for the number of
lynx trapped annually in northwest Canada from 1821 to 1934. The series has been
analyzed by various authors and researchers and a survey of the work can be found in
Campbell and Walker (1977). The lynx data are contained in the file 1ynx.dat and we
first read in the data and plot them.

This reads in the data.

In[57] := data = N[ReadList[ToFileName[{"TimeSeries", "Data"}, "lynx.dat"], Number]];

We plot the number of lynx trapped against time. Note that the time scale is such that t = 1 corresponds to the year 1821.
See Example 4.2.

In[58] := ListLinePlot[data, AxesLabel -> {"t", "x."}]
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out [58] =
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We can see that the series oscillates with an approximate period of 10. In order to make the variance more
uniform, we first take the logarithm (base 10) of the data and subtract out the mean.

n is the length of the data.

In[59] := n = Length[data]

out [59]= 114

We obtain the sample mean.

In[60] := 4 = Mean[Log[l10, data]]

out [60]= 2.90366
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The series is transformed to a zero-mean one.

In[61] := datal = Log[10, data] - %;

This is the plot of the transformed data.

In[62] := ListLinePlot[datal, AxesLabel -> {"t", "ln(x:)-u"}]

In(x¢)-p

out [62] =

Compared with the original plot the time plot now looks more symmetric. We proceed to calculate and plot the
correlation and partial correlation functions.

This is the plot of the sample correlation function.
In[63] := plotcorr[CorrelationFunction[datal, 30], Joined -> True, AxesLabel -> {"k", "p(k)"}]

o (k)
1.0

out [63] =
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This is the plot of the sample partial correlation function.

In[64] := ListLinePlot[PartialCorrelationFunction[datal, 30],
AxesLabel -> {"k", "¢y, "}, PlotRange -> All]

Pk, x

out [64] = L /\/\\
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We notice that, like the time series itself, the correlation function oscillates with an approximate cycle of period
10. Also the slowly decaying behavior of the correlation signals that the series may be nonstationary or the AR
polynomial ¢(x) has zeros very close to the unit circle. As a preliminary estimate we use the Hannan-Rissanen
method to select possible models. Since the period here is close to 10 we will use the long AR order and the
maximum AR and MA orders greater than 10.

Hannan-Rissanen method is used to select models.

In[65] := models = HannanRissanenEstimate[datal, 15, 15, 15, 30];

These are the AIC values of the models.

In[66] := aic = AIC[#, n] & /@ %

out [66]= {-3.08725, -3.10169, -3.12223, -3.0767, -3.11083, -3.08439, -3.10754, -3.07451,
-2.96607, -3.10672, -3.03437, -3.17608, -3.05049, -3.09683, -2.92848,
-2.9738, -2.973, -3.06685, -3.08944, -3.00982, -3.05714, -3.07833, -3.05084,
-2.97709, -3.11752, -3.09279, -3.11432, -3.01811, -3.08997, -3.16163}

There are two models that have much lower AIC values than the rest.

We pick out the models with AIC value less than —3.15. They are models 12 and 30.

In[67] := Position[aic, #] & /@ Select[aic, # < -3.15&]

out[67]= {{{12}}, {{30}}}
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This gives the two models.

In[68] := newmodels = models[[#]] & /@ Flatten[%]

out [68] = {ARMAModel[{1.4814, -0.917287, 0.483792, -0.38725, 0.255133, -0.199222,
0.123935, -0.0844358, 0.208183, 0.0841331, -0.295}, {-0.415827}, 0.0338232],
ARMAModel [{1.53925, -1.11897, 0.669973, -0.485153, 0.296318, -0.242446, 0.147927,
-0.110583, 0.233119, 0.0513117, -0.260468}, {-0.441095, 0.169184}, 0.0337188]}

They correspond to ARMA(11, 1) and ARMA(11, 2).

In[69] := ARMAModel [Length[#[[1]]], Length[#[[2]]]] & /@ %

out [69] = {ARMAModel[11, 1], ARMAModel[11l, 2]}

We further estimate the model parameters using the conditional maximum likelihood method. Note that the
above models are used as the input to the function ConditionalMLEstimate.

This gives the conditional maximum likelihood estimate.

In[70] := ConditionalMLEstimate[datal, #] & /@ newmodels

out [70]= {ARMAModel|[{1.46137, -0.910323, 0.487405, -0.431681, 0.293584, -0.239092,
0.14703, -0.087387, 0.196867, 0.0649484, -0.264829}, {-0.365644}, 0.035317],
ARMAModel [{1.64868, -1.41519, 0.945867, -0.682653, 0.455565, -0.390716, 0.255153,
-0.179856, 0.278468, -0.0212403, -0.187538}, {-0.555271, 0.351705}, 0.0344438]}

Here are the AIC values.

In[71]:= AIC[#, 11l4] & /@ %
out [71]= {-3.13286, -3.14036}
We can also try to estimate some nearby models to see if they give a lower AIC value. For example, we can try

AR(12), ARMA(10, 1), etc. It turns out that AR(12) has a lower AIC value. The reader can show that AR(13) and
ARMAC(10, 1) yield higher AIC values than AR(12).

This gives the estimate of AR(12) model.

In[72] := arl2 = ConditionalMLEstimate[datal, 12]

out [72] = ARModel[{1.06557, -0.443781, 0.272538, -0.298825, 0.142786, -0.152363,
0.0723808, -0.0562743, 0.191533, 0.139729, -0.217959, -0.129305}, 0.0338232]

Here is the AIC value.

In[73] := AIC[%, n]

out[73]= —-3.17608

The correlation and the partial correlation function of the AR(12) model resemble those obtained from datal
(see earlier plots).
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This is the plot of the correlation function of the AR(12) model.
In[74] := pPlotcorr[CorrelationFunction[arl2, 30], Joined -> True, AxesLabel -> {"k",

o (k)
1.0

out [74]=

This is the plot of the partial correlation function of the AR(12) model.

In[75] := ListLinePlot[PartialCorrelationFunction[arl2, 30],
AxesLabel -> {"k", "¢y, "}, PlotRange -> All]
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To test the adequacy of the model we first calculate the residuals and their correlation function.

The residuals are calculated first.

In[76] := res = Residual[datal, arl2];

llp(k) ll}]
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This is the plot of the sample correlation function of the residuals.

In[77] := Plotcorr[CorrelationFunction[res, 30], Joined -> True, AxesLabel -> {"k",

°
~

)

out [77]=
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The correlation function of the residuals is well within the bound of 2 / V114 ~0.187.

L e e B

This is the portmanteau statistic for 1 = 25.

In[78] := PortmanteauStatistic[res, 25]

out [78]= 11.5382

So the AR(12) model passes the test.

In[79] := Quantile[ChiSquareDistribution[13], 0.95]

out [79]= 22.362

Ilp(k) Il}]

To get the standard errors of the estimated parameters we first get their asymptotic covariance matrix. This can
be done either by inverting the information matrix or using the function AsymptoticCovariance. Here we

use the latter method.

The asymptotic covariance matrix is calculated.

In[80] := AsymptoticCovariance[arl2];

This gives the standard errors.
In[81] := Sqrt[Diagonal([%] /n]

out[81]= {0.0928723, 0.134791, 0.140445, 0.141614, 0.144257, 0.144717,
0.144717, 0.144257, 0.141614, 0.140445, 0.134791, 0.0928723}
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We put the estimated parameters together with their standard errors using TableForm.
In[82] := TableForm[Transpose[{arl2[[1]], %}]]

out [82] //TableForm=

1.06557 0.0928723
-0.443781 0.134791
0.272538 0.140445
-0.298825 0.141614
0.142786 0.144257
-0.152363 0.144717
0.0723808 0.144717
-0.0562743 0.144257
0.191533 0.141614
0.139729 0.140445
-0.217959 0.134791
-0.129305 0.0928723

So we can safely regard ¢s, ¢s, ¢7, ¢s, and ¢1y to be zero. However we will use the model ar12 to forecast the

future values.

This yields the forecast and mean square forecast errors for the number of lynx trappings for the next 15 years

In[83] := {xhat, error} = BestLinearPredictor[datal, arl2, 15]

{{0.556341, 0.317203, -0.0612981, -0.402819,
-0.499095, -0.382077, -0.183767, 0.0370242,
0.212359, -0.00674495, -0.280673, -0.471951, -0.46962},
{0.0338232, 0.0722275, 0.0884085, 0.0981504, 0.100376, 0.100454, 0.100968,

0.102826, 0.105228, 0.10551, 0.108664, 0.113813, 0.114546, 0.114786, 0.117508}}

Out [83] =
0.225049, 0.297504,

We plot the logarithm of the lynx data along with the next 15 predicted values.

In[84] := plotdata[Log[1l0, data], xhat + u, AxesLabel -> {"t", "x."}]
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Example 11.4 The file salesad.dat contains the Lydia E. Pinkham annual sales ({x;1})
and advertising expenditure ({x;,}) data. They have the following time plots.

This reads in the data.

In[85] := data =
N[ReadList[ToFileName[{"TimeSeries", "Data"}, "salesad.dat"], {Number, Number}]]:;

n is the length of the data.

In[86] := n = Length[data]

54

out [86]

Here is the time plot of series 1.
In[87] := ListLinePlot[data[[All, 1]], AxesLabel -> {"t", "x.1"}]
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Here is the time plot of series 2.

In[88] := ListLinePlot[data[[All, 2]], AxesLabel -> {"t", "x."}]
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out [88] = L
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Since we do not see a convincing systematic trend, we transform the series to zero-mean by simply subtracting
the sample mean of the series.

This is the sample mean.

In[89] := U = Mean[data]

out [89]= {1829.48, 934.519}

The mean is subtracted.

In[90] := data0 = (# - u) & /@ data;

We use the Hannan-Rissanen procedure to select preliminary models.
In[91] := models = HannanRissanenEstimate[dataO, 5, 5, 5, 6];
Inverse::luc : Result for Inverse of badly conditioned matrix

{{1.60792><107, <<9>>, <<6>>}, {7.98OO7><106, <<9>>, <<6>>}, <7>>, {<1l>}, <<6>>}

may contain significant numerical errors. >

This allows us to see the orders of each selected model.

In[92] := If[Head[#] === ARMAModel,
Head[#] [Length[#[[1]]], Length[#[[2]]]], Head[#] [Length[#[[1]]]]] & /@ models

out [92]= {ARModel[1l], ARModel[3], ARMAModel[2, 1], ARMAModel[1l, 1], ARModel[2], ARMAModel[1l, 2]}

This gives their AIC values.

In[93] := AIC[#, 54] & /@ models

out [93]= {20.9673, 20.7213, 20.7263, 20.9195, 20.9213, 20.842}

Since the second (AR(3)) and third (ARMA(2, 1)) models have the smallest AIC values, we choose them to be
our preliminary models. The conditional maximum likelihood method gives the following parameter estimates.

This gives the conditional maximum likelihood estimate.

In[94] := {ar3, arma2l} = ConditionalMLEstimate[datal, #] & /@ Take[models, {2, 3}]

out [94]= {ARModel[{{{1.36898, -0.162305}, {0.585785, 0.51886}},
{{-0.30868, -0.280303}, {-0.536465, —-0.339297}},
{{0.00254444, 0.100379}, {0.264333, 0.273705}}},

{{36490.3, 14660.1}, {14660.1, 23427.2}}],

ARMAModel [{{{1.27204, -0.197557}, {-0.597596, 0.77419}},
{{-0.180859, -0.235908}, {0.924474, -0.630635}}},
{{{0.0445299, 0.0728988}, {1.22388, -0.360301}}},
{{35762.5, 15279.6}, {15279.6, 23141.6}}]}
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In fact, it is unnecessary to further estimate the parameters of AR(3) model as we have done above, since the
Hannan-Rissanen method and the conditional maximum likelihood method give identical parameter estimates
for an AR(p) model. The reader should convince himself/herself of this.

This gives the AIC values.

In[95] := AIC[#, 54] & /@ %

out [95]= {20.7213, 20.6471}

Since AR(2, 1) model has a lower AIC value, we choose it as our model and plot the residual correlation func-
tions and cross-correlation function.

This gives the residuals.

In[96] := res = Residual[datal, arma2l];

This calculates the correlation function of the residuals.

In[97] := corr = CorrelationFunction[res, 12];

Here is the plot of the residual correlation function for series 1.

In[98] := plotcorr[#[[1, 1]] & /@ corr, Joined -> True, AxesLabel -> {"k", "p;;(k)"}]
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Here is the plot of the residual correlation function for series 2.
In[99] := plotcorr[#[[2, 2]] & /@ corr, Joined -> True, AxesLabel -> {"k", "p,,(k)"}]
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This is the plot of the residual cross-correlation function.

In[100] :=
plotcorr[#[[1, 2]] & /@ corr, Joined -> True, AxesLabel -> {"k", "pi,(k)"}]

Out [100] =
o1z (k)

The residual correlation functions resemble those of white noise (since 2 / V54 ~0.272). The model also passes

the portmanteau test.

This gives Q1.
In[101] :=

PortmanteauStatistic[res, 12]

out [101]=
38.9857
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The model passes the test.
In[102] :=
Quantile[ChiSquareDistribution[36], 0.95]

out [102] =
50.9985

This calculates the inverse of the information matrix.

In[103]:=
Inverse[InformationMatrix[data0O, arma2l]];

Here are the standard errors of estimated parameters.
In[104]:=
Sqrt[Diagonal[%] / n]

out [104]=
{0.300932, 0.214004, 0.430938, 0.389822, 0.30574, 0.192439,
0.446683, 0.337158, 0.345876, 0.225473, 0.449526, 0.425352}

These are the standard errors of {(®1)11, (P1)12, (@1)21, ..., (O1)p}. We can display the estimated parameters and
their standard errors together using TableForm.

The parameters are displayed along with their standard errors.

In[105] :=
TableForm[Transpose[{{Phi[1l], Phi[2], Theta[l]},
Flatten[{arma21[[1]], arma21[[2]]}, 1], Partition[Partition[%, 2], 2]}]1]

out [105] //TableForm=

Phi[1] 1.27204 -0.197557 0.300932 0.214004
-0.597596 0.77419 0.430938 0.389822
Phi[2] -0.180859 -0.235908 0.30574 0.192439
0.924474 -0.630635 0.446683 0.337158
Theta[1] 0.0445299 0.0728988 0.345876 0.225473
1.22388 -0.360301 0.449526 0.425352

Again we can set several elements of the parameter matrices to zero. We find the forecast values for the next 15
time steps.

This gives the predicted values.

In[106] :=
BestLinearPredictor[data0, arma2l, 15][[1]]:

The mean is added to the prediction.

In[107] :=
xhat = # + u& /@ %;
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This plots series 1 and the next 15 predicted values.

In[108] :=
plotdata[data[[All, 1]], xhat[[All, 1]], AxesLabel -> {"t",

Out [108] =
x1¢

T

3000 |

T

.
<

T

2500 / o / \

/
T

\

/

2000 [ \ |

T

=3
<

\\
AN

1500 - | N \

T
(\\\
-
~

AxxxlxxxAlAAAxlxxxxlxxxxlxxxxlxxxxlt

This plots series 2 and the next 15 predicted values.

In[109] :=
plotdata[data[[All, 2]], xhat[[All, 2]], AxesLabel -> {"t",

Out [109] =
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2.1 Model Properties

A discrete time series consists of a set of observations {x, xp, ..., x;, ... } of some phenomenon, taken at equally
spaced time intervals. (We assume that x; is real.) The main purpose of time series analysis is to understand the
underlying mechanism that generates the observed data and, in turn, to forecast future values. We assume that
the generating mechanism is probabilistic and that the observed series {xy, x, ..., x¢, ... } is a realization of a
stochastic process {Xi, Xy, ..., X;, ... }. Typically, the process is assumed to be stationary and described by a
class of linear models called autoregressive moving average (ARMA) models.

An ARMA model of orders p and q (ARMA(p, q)) is defined by

Xt —¢1 Xt—l _¢2Xt—2_ _¢pXt—p = Zt +01 Zt—l +92Zt—2+ +9th_q

where {¢;} and {0;} are the coefficients of the autoregressive (AR) and moving average (MA) parts, respectively,
and {Z;} is white noise with mean zero and variance o?. (We assume Z; is normally distributed.) Using the
backward shift operator B defined by B/ X; = Xi_j, the ARMA(p, q) model above can be written as

#(B) Xy = 0(B) Z;

where ¢(B)=1-¢1 B— ¢ B> — ... — ¢, BY and 6(B) =1 + 61 B + 6, B+... + 6, B1. We assume that the polynomials
¢(x) and 6(x) have no common zeros. When X; is a vector, we have a multivariate or vector ARMA model; in
this case, the AR and MA coefficients are matrices and the noise covariance is also a matrix denoted by X. When
all the zeros of the polynomial ¢(x) (or its determinant in the multivariate case) are outside the unit circle, the
model is said to be stationary and the ARMA(p, q) model can be expanded formally as an MA(co) model
(X = 220 ¥; Z;_;). Similarly, if the zeros of 6(x) are all outside the unit circle, the ARMA(p, ) model is said to be

invertible and can be expanded as an AR(co) model.

Autoregressive integrated moving average (ARIMA) models are used to model a special class of nonstationary
series. An ARIMA(p, d, q) (d non-negative integer) model is defined by
(1-B) ¢(B) X; = 6(B) Zt.

Seasonal models are used to incorporate cyclic components in models. A class of commonly encountered sea-
sonal models is that of seasonal ARIMA (SARIMA) models. A SARIMA(p, d, q)(P, D, Q); model (d and D are

non-negative integers and s is the period) is defined by
(1-B) (1 - B)" ¢(B) ®(B) X; = 6(B) O(B°) Z;
where ®(x) and ®(x) are polynomials that describe the seasonal part of the process.

The commonly used time series models are represented in this package by objects of the generic form
model [param,, param,, ...]1. Bach of these objects serves to specify a particular model and does not itself

evaluate to anything. They can be entered as arguments of time series functions as well as generated as output.
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ARModel [philist, 0'2] AR(p) model with p AR coefficients in philist and normally

distributed noise with variance o2

MAModel [thetalist, 0'2] MA(g) model with g MA coefficients in thetalist and normally
distributed noise with variance o

ARMAModel [philist, thetalist 0'2] ARMA(p, 9) model with p AR and q MA coefficients in philist
and thetalist, respectively, and normally distributed noise with
variance o

ARIMAModel [d, philist, thetalist, 0'2] ARIMA(p, d, q) model with p AR and g MA coefficients in
philist and thetalist, respectively, and normally distributed
noise with variance o2

SARIMAModel [ {d , D} , s, philist, SARIMA(p, d, )(P, D, Q), model with p regular and P seasonal
Philist, thetalist, Thetalist, 0'2] AR coefficients in philist and Philist and q regular and Q
seasonal MA coefficients in thetalist and Thetalist, respectively,

and normally distributed noise with variance o

Time series models.

Here, when model is used as a Mathematica function argument it means the model object defined above. The
notation philist denotes a list of AR coefficients {(151, b, ..., ¢p}, thetalist specifies a list of MA coefficients

{01, 6, ..., Hq}, and so on. The noise is zero-mean Gaussian white noise, and its variance or covariance matrix

will be called the noise parameter. d (or D) is the order of differencing, and s is the seasonal period. To extract
any of these arguments from a model, we can use the function Part or one of the following functions.

ARCoefficients [model } extract the AR coefficients of model
MACoefficients [model} extract the MA coefficients of model
SeasonalARCoefficients [model } extract the seasonal AR coefficients of model
SeasonalMACoefficients [model } extract the seasonal MA coefficients of model
SeasonalPeriod [model} extract the seasonal period of model
DifferencingOrder [model | extract the differencing order of model
NoiseParameter [model } extract the noise parameter of model

Functions extracting the parameters of time series models.

All of the functions in this package with the exception of AsymptoticCovariance and the functions analyz-
ing ARCH models work for both univariate and multivariate cases, although some are illustrated using exam-
ples of univariate series only.

This loads the package.

In[1] := Needs["TimeSeries TimeSeries "]
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ARMAModel [{0.5, -0.2}, {0.7}, 0.8] represents the ARMA(2, 1) model X; —0.5X; 1 +02X; , =7, +0.7Z;4
with noise variance 0.8. Note that it does not evaluate to anything.

In[2]:= ARMAModel[{0.5, -0.2}, {0.7}, 0.8]

out [2]= ARMAModel[{0.5, -0.2}, {0.7}, 0.8]

We can extract the MA coefficient using MACoefficients.

In([3]:= MACoefficients[%]

out[3]= {0.7}

We can also use the function Part to extract the argument.
In[4]:= %%[[2]]

out[4]= {0.7}

This is a SARIMA(2, 2, 1)(1, 3, 0)4 model. Note that the absence of the seasonal MA part is represented by thetalist = { }
(or thetalist = {0}).

In[5] := SARIMAModel[{2, 3}, 4, {0.4, 0.1}, {-0.5}, {0.8}, {}, 1]

out [5]= SARIMAModel[{2, 3}, 4, {0.4, 0.1}, {-0.5}, {0.8}, {}, 1]

This is how we get the differencing orders of both the seasonal and ordinary parts.

In[6] := DifferencingOrder [%]

out [6]= {2, 3}

ToARModel [model , n] give the AR(n) model that is the order n truncation of the
AR(e0) expansion of model

ToMAModel [model, n] give the MA(n) model that is the order n truncation of the
MA(o0) expansion of model

ToARMAModel [model} convert an ARIMA or a SARIMA model to an ARMA model

Conversions of time series models.

This computes the first four coefficients in the expansion of an AR(1) model as an MA(co) model and returns the correspond-
ing MA(4) model.

In[7]:= ToMAModel[ARModel[{¢1}, o*], 4]

out [7]= MBAModel[{o1, ¢3, 61, #1}, o?|
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The first four coefficients in the expansion of an ARMA(1, 1) model as an AR(co) model are calculated and the correspond-
ing AR(4) model is returned.

In[8] := ToARModel [ARMAModel[{é¢1}, {61}, o?], 4]

out [8] = ARMOdelHelJr(bl, 61 (-61- 1), 67 (-61 - ¢1), 63 (—91—<171)}, 02}

This computes the first three coefficients in the expansion of a vector AR(2) model as an MA(co) model and returns the
corresponding vector MA(3) model.

In[9] := ToMAModel [ARModel [
{{{0.2, -0.3}, {0.2, -0.7}}, {{0.1, 0.7}, {0.3, -0.8}}}, {{1, 0}, {0, 1}}]1., 3]

out [9]= MAModel[{{{0.2, -0.3}, {0.2, -0.7}}, {{0.08, 0.85}, {0.2, -0.37}},
{{0.116, -0.239}, {-0.224, 0.899}}}, {{1, 0}, {0, 1}}]

This converts an ARIMA(2, 2, 1) into the equivalent ARMA(4, 1) model.

In[10] := ToARMAModel [ARIMAModel[2, {0.3, 0.9}, {1.2}, 1]]

out [10]= ARMAModel[{2.3, -0.7, -1.5, 0.9}, {1.2}, 1]

This converts a SARIMA(1, 2, 1) (1, 1, 1), model into the equivalent ARMA(7, 3) model.

In[11] :~ ToARMAModel [SARIMAModel[{2, 1}, 2, {0.5}, {-0.7}, {0.4}, {0.3}, 1]]

out [11]= ARMAModel[{2.5, -1.7, -0.25, 1.3, -1.9, 1.4, -0.35}, {0.4, 0.3, 0.12}, 1]

Given a model, its covariance function and correlation function can be calculated. For a univariate zero-mean,
stationary process, the covariance function at lag & is defined by y(h) = E(X,,;, X;) (E denotes the expectation);
the correlation function, by p(h) = y(h)/y (0). For a multivariate process, the matrix covariance function is
defined by I'(h) = E(Xt +h Xg) (X’ denotes the transpose of X), and the matrix correlation function at lag #, R(h), is

given by R((h))ij = pij(h) = yij(h) / ~ 7:i(0) 7;(0) where yij(h) = F((h))ij. Another useful function is the partial
correlation function. The partial correlation function at lag k, ¢, is defined to be the correlation between X,
and X; with all intervening variables fixed. The power spectrum of a univariate ARMA(p, q) process is given by

= Jole )/ lo(e )

? and for a multivariate process the power spectrum is % ¢ () f(e ) 20 (1) ¢ T ().
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StationaryQ [model} give True if model is stationary, False otherwise

StationaryQ [philist] give True if the model with its AR coefficients in philist is
stationary, False otherwise

InvertibleQ [model} give True if model is invertible, False otherwise

InvertibleQ [thetalist] give True if the model with its MA coefficients in thetalist is
invertible, False otherwise

CovarianceFunction [model , n] give the covariance function of model up to lag n

CorrelationFunction [model , n] give the correlation function of model up to lag n

PartialCorrelationFunction [ give the partial correlation function of model up to lag n

model , n]

Spectrum [model , a)] give the power spectrum of model as a function of w

Properties of time series models.

This time series model has the AR polynomial ¢(x) =1 -0.5x + 0.2 x> - 155 @(x) = 0 has roots inside the unit circle, so
the process is not stationary.

In[12] := StationaryQ[ARMAModel[{0.5, -0.2, 1.5}, {0.2}, 1]]

out [12] = False

We can also just enter the AR coefficients to check stationarity.

In[13] := StationaryQ[{0.5, -0.2, 1.5}]

out [13]= False

These vector AR coefficients indicate a stationary process. The noise covariance can be omitted as we have done here since
it is irrelevant for determining stationarity.

In[14] := StationaryQ[ARModel[{{{0.2, -0.3}, {0.2, -0.7}}, {{0.1, 0.7}, {0.3, -0.8}}}]]

out [14]= True

A given time series model has the MA polynomial #(x) = 1 + 0.3 x — 0.1 x?. The roots of §(x) = 0 are all outside the unit
circle, so the process is invertible.

In[15] := InvertibleQ[ARMAModel[{0.5}, {0.3, -0.1}]1]

out [15]= True
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This gives the covariance function y(h) of an MA(1) model for i = 0, 1, 2, 3. Note that for an MA(g9) model y(h) =

h>gq.

In[16] := CovarianceFunction[MAModel[{61}, 02], 3]

out[16]= {0 (1+67), 0® 61, 0, O}

This yields the covariance function of a vector ARMAC(1, 1) model up to lag 2.

In[17] := CovarianceFunction[ARMAModel[{{{0.2, -1.3}, {0.2, -0.7}}},
{{{0.3, 0.5}, {0.2, -0.5}}}, {{1.2, 0.1}, {0.1, 0.8}}]1, 2]

out[17]= {{{3.90967, 1.91333}, {1.91333, 2.46403}},
{{-1.29539, -2.39058}, {-0.367393, -1.72216}},
{{0.218534, 1.76069}, {-0.00190227, 0.727395}}}

The correlation function of an AR(1) model is calculated up to lag 5.

In[18] := CorrelationFunction[ARModel[{¢1}, 02], 5]

out[18]= {1, é1, ¢, &7, &1, &7}

0 for

This gives the partial correlation function ¢ ; of an AR(2) model at lags k=1, 2, 3, and 4. Note that the partial correlation

function starts at lag 1, and for an AR(p) process, ¢, = 0 for k>p.
In[19] := PartialCorrelationFunction[ARModel[{0.5, -0.2}, 1], 4]

out[19]= {0.416667, -0.2, 0, 0}

Here is the power spectrum of an ARMA(1, 1) model as a function of w.

In[20] := Spectrum[ARMAModel[{¢1}, {61}, 1], w]

1+2Cos[w] Oy + 62

Out [20]
27 (1-2Cos[w] ¢1 +7)
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This yields the plot of the spectrum calculated above with ¢; = 0.7 and 6; = —0.2.

In[21]:= Plot[% /. {¢1 -> 0.7, 61 -> -0.2},
{w, 0, Pi}, AxesLabel -> {"w", "f(w)"}, PlotRange -> All]

f (w)
1.0}
0.8 ;
out [21]=
0.6
0.4
1 1 1 RN — 1 1 w
0.5 1 1.5 2.0 2.5 3.0
RandomSequence [y, o2, 1] generate a random sequence of length n distributed normally
with mean y and variance o

TimeSeries [model , n} generate a time series of length #n from model
TimeSeries [model, generate a time series with p given initial values

n, {x_p+1, Xopi2s e xo}]

TimeSeries [model , generate a time series with a given noise sequence {z} and
n, {z_q+1 L Zegads e zn} , initial values {x}
{x—p+1r x—p+2: [y xO} ]

Generating random sequences and time series.

Both RandomSequence and TimeSeries uses the current default random number generator. Sequences
generated prior to Version 6.0 of Mathematica can be obtained by using the legacy generator via
SeedRandom [Method -> Legacy] or SeedRandom [seed, Method->"Legacy"].

A sequence of 5 random numbers is generated. They are normally distributed with mean 0 and variance 1.2.

In[22] := RandomSequence[0, 1.2, 5]

out [22]= {-0.0561913, 0.687886, -1.96931, 1.00539, -0.363847}

This generates a sequence of 4 random vectors distributed normally with mean {0.5, 0.7} and covariance matrix

{{0.9, —-0.2}, {-0.2, 1.0}}. Note that we have used SeedRandom[1039] to start the random number generator with seed
1039.

In[23] := (SeedRandom[1039];
RandomSequence[{0.5, 0.7}, {{0.9, -0.2}, {-0.2, 1.0}}, 4])

out[23]= {{-0.612201, 1.21709}, {1.96981, 1.54269},
{-0.0190734, 0.737721}, {2.14867, 0.760779}}
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Here is a scalar time series of length 7 generated from the ARMA(2, 1) model X; —0.5X;_1 + 02X, » = Z; + 0.7 Z;_1. The
normally distributed noise has a mean 0 and a variance of 0.8.

In[24] := (SeedRandom[1234];
TimeSeries [ARMAModel[{0.5, -0.2}, {0.7}, 0.8], 71)

out [24]= {0.755487, -0.12346, -0.115633, 0.825265, 0.939603, -0.0773533, -0.575972}

This generates a time series {X1, X2, ..., X7} from the same model as above with given values of x_; = —0.3, and xg = 0.5.

In[25] := (SeedRandom[1234];
TimeSeries [ARMAModel[{0.5, -0.2}, {0.7}, 0.8],
7, {-0.3, 0.5}1])

out[25]= {1.0077, -0.188289, -0.198489, 0.796802, 0.941943, -0.0704908, -0.573008}

Here is a vector time series of length 5 generated from a vector MA(2) model. Note that the MA parameters and the noise
covariance are now matrices.
In[26] := (SeedRandom[1673];
TimeSeries [MAModel[{{{0.1, -0.2}, {-0.2, 0.1}},
{{0'71 _1'2}1 {0-31 _0'2}}]’1 {{11 o}l {OI 1}}] 4 5])

out [26]= {{2.28449, -0.659337}, {-0.945795, 0.0369965},
{0.298284, -0.210925}, {-0.0754738, -1.0219}, {-0.129903, -1.41094}}

This generates a scalar time series of length 8 from the SARIMA(2, 2, 2)(2, 1, 1), model
(1-B)*(1-B*(02B>-05B+1)(0.1B*-03B?+1)X; = (1+0.6 B-0.1B%)(1 - 0.5 B?) Z; with noise variance 0.9.

In[27] := (SeedRandom[1234];
TimeSeries]|
SARIMAModel[{2, 1}, 2, {0.5, -0.2}, {0.3, -0.1}, {0.6, -0.1}, {-0.5}, 0.9], 8])

out[27]= {-7.69176, -9.38373, -17.4059, -18.9872, -26.734, -28.3097, -36.5849, -37.9153}
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Given a time series, we can analyze its properties. Since many algorithms for estimating model parameters
assume the data form a zero-mean, stationary process, appropriate transformations of the data are often needed
to make them zero-mean and stationary. The function ListDifference does appropriate differencing on
ARIMA or SARIMA data. Note that all time series data should be input as a list of the form {x;, x, ... } where x;

is a number for a scalar time series and is itself a list, x; = {x;1, X;5, ..., X;,,,}, for an m-variate time series.

ListDifference [data, d] difference data d times

ListDifference [data , {d, D} , s] difference data d times with period 1 and D times with period s

Sample mean and transformations of data.

After appropriate transformations of the time series data, we can calculate the properties of the series. The
sample covariance function y(h) for a zero-mean time series of n observations is defined to be % S X, X). The

sample correlation function p(h) is the sample covariance function of the corresponding standardized series, and
the sample partial autocorrelation function is defined here as the last coefficient in a Levinson-Durbin estimate

of AR coefficients. The sample power spectrum f (w) is the Fourier transform of the sample covariance function
f (w) = % ZZ:(H_l))A/(k) ¢~k@ The smoothed spectrum f ¢ using the spectral window {W(0), W(1), ..., W(M)} is
defined to be )? s (wj) = Zﬁi Wk f (a)j_k) where W(k) = W(-k), while the smoothed spectrum f |, using the lag
window {A(0), A(1), ..., A(M)} is defined by f, (@) = 3= S, A (k)% (k) e ¥ where A(k) = A(~k).

CovarianceFunction[data, n] give the sample covariance function of data or the cross-
CovarianceFunction [datal , data,, n] covariance function of data; and data, up to lag n

CorrelationFunction [data, n] give the sample correlation function of data or the cross-
CorrelationFunction | correlation function of data; and data, up to lag n

datay, data, n]

PartialCorrelationFunction [ give the sample partial correlation function of data up to lag n
data, n]

Spectrum [data] give the sample power spectrum of data or the cross-spectrum
Spectrum [datal , datuz] of data; and data,

SmoothedSpectrumsS [ give the smoothed spectrum using the spectral window
spectrum, window] window

SmoothedSpectrumL[ give the smoothed spectrum as a function of w using the lag
cov, window, w] window window

Properties of observed data.
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This loads the package.

In[1] := Needs["TimeSeries TimeSeries ™ "]

The increasing magnitude of the data indicates a nonstationary series. We know this is the case, since it is generated from
an ARIMAC(1, 2, 0) process. Note that since the model has no MA part, the list of the MA parameters can be specified by { }
or by {{0, 0},{0, O}}.
In[2] := (SeedRandom[3456];
TimeSeries [ARIMAModel[2, {{{0.3, -0.1}, {0.4, 0.5}}}, {}, {{1, 0}, {0, 1}}1, 10])

{{-5.09594, -4.22676}, {-8.62944, -9.74584}, {-9.73182, -15.3683},
{-9.95509, -21.2617}, {-8.29291, -27.4899}, {-7.038, -32.8041},
{-4.27451, -37.8621}, {-1.06048, -38.8798}, {2.15982, -38.9356}, {4.74157, -38.4119}}

Out [2]

Differencing the above time series twice yields a new series that is stationary.

In[3]:= ListDifference[%, 2]

out[3]= {{2.43112, -0.103382}, {0.879105, -0.270887},
{1.88546, -0.334898}, {-0.407277, 0.914094}, {1.50858, 0.256116},
{0.450541, 4.04031}, {0.00627729, 0.961922}, {-0.638555, 0.57953}}

A SARIMA(2, 2, 0)(1, 1, 0), series is transformed into a stationary series by differencing.

In[4] := (SeedRandom[123];
tseries =
TimeSeries [SARIMAModel[{2, 1}, 2, {0.5, -0.2}, {0.5}, {0}, {0}, 1], 10];:
ListDifference[tseries, {2, 1}, 2])

out[4]= {-0.201361, -2.67625, -1.95732, -2.6338, -1.6277, -1.1512}

This generates a time series of length 200 from an AR(2) model.

In[5] := (SeedRandom[1234];
tseries = TimeSeries[ARModel[{0.5, -0.2}, 0.75], 200];)

This computes the sample covariance function of the above series up to lag 5.

In[6] := CovarianceFunction[tseries, 5]

out[6]= {0.75797, 0.33583, 0.0458689, -0.0248131, -0.0930331, -0.0327725}

Here is the sample correlation function of the same series up to lag 5. Note that the correlation at lag 0 is 1.

In[7] := CorrelationFunction[tseries, 5]

out[7]= {1., 0.443065, 0.0605154, -0.0327362, -0.12274, -0.0432372}
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This is the sample partial correlation function of the same series at lags 1 to 5. Note that the lag starts from 1 and not 0.

In[8] := PartialCorrelationFunction[tseries, 5]

out [8]= {0.443065, -0.168959, 0.0138086, -0.129604, 0.0870806}

The power spectrum of the series is calculated here.

In[9] := sSpec = Spectrum|[tseries];

This is the plot of the spectrum in the frequency range [0, 7].

In[10]:= ListLinePlot[Transpose[{Table[2Pi/200xk, {k, 0, 100}], Take[spec, 101]}],
AxesLabel -> {"w", "f(w)"}]

out [10]=

oo e e e e e e e e i VN PRI s
w

0.5 1.0 1.5 2.0 2.5 3.0

This gives the smoothed spectrum using the Daniell spectral window.

In[11] := SmoothedSpectrumsS[spec, Table[1l/13, {7}11]:

We plot the smoothed spectrum.

In[12]:= ListLinePlot[Transpose[{Table[2Pi/200xk, {k, 0, 100}], Drop[%, -99]}1,
AxesLabel -> {"w", "f(w)"}]

f(w)

out[12]= °-1°
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This yields the smoothed spectrum using the Hanning lag window.

In[13] := SmoothedSpectrumL[CovarianceFunction|[tseries, 10],
Table[0.5 + 0.5Cos[Pik/10], {k, 0, 10}], w];

This is the plot of the smoothed spectrum.

In[14] := Plot[%, {w, 0, Pi}, AxesLabel -> {"w", "f(w)"}]

f(w)

out [14]=

We calculate the correlation function up to lag 2 from data generated from a vector MA(1) model.

In[15] := (tseries = TimeSeries[MAModel[{{{0.5, -0.1}, {0.4, 1.2}}}, {{1, 0}, {0, 1}}], 50];
CorrelationFunction[tseries, 2])

out[15]= {{{1., -0.28224}, {-0.28224, 1.}}, {{0.309885, -0.300356}, {-0.109964, 0.522227}},
{{0.00525678, —-0.142099}, {-0.187691, 0.000553525}}}

When fitting a given set of data to a particular ARMA type of model, the orders have to be selected first. Usu-
ally the sample partial correlation or sample correlation function can give an indication of the order of an AR or

an MA process. An AIC or a BIC criterion is also used to select a model. The AIC criterion chooses p and g to
minimize the value of In é'rz,,q + 2 (p + q)/n by fitting the time series of length n to an ARMA(p, 4) model (here o“f,lq
is the noise variance estimate, usually found via maximum likelihood estimation). The BIC criterion seeks to

minimize In é'fw +(p+qInn/n.

AIC[model, n| give the AIC value of model fitted to data of length 1

BIC [model, n] give the BIC value of model fitted to data of length n

AIC and BIC values.

Given a model, various methods exist to fit the appropriately transformed data to it and estimate the parame-
ters. HannanRissanenEstimate uses the Hannan-Rissanen procedure to both select orders and perform
parameter estimation. As in the long AR method, the data are first fitted to an AR(k) process, where k (less than
some given kmax) is chosen by the AIC criterion. The orders p and g are selected among all p < Min[pmax, k]
and g < gmax using BIC.
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YuleWalkerEstimate [data, p } give the Yule-Walker estimate of AR(p) model

LevinsonDurbinEstimate [data, p} give the Levinson-Durbin estimate of AR(/) model for i =1, 2,

P
BurgEstimate [data , p} give the Burg estimate of AR(?) model fori=1,2, ..., p
InnovationEstimate [data, q] give the innovation estimate of MA(i) model fori=1,2,...,9
LongAREstimate [data, k, p, q} give the estimate of ARMA(p, q) model by first finding the

residuals from AR(k) process

HannanRissanenEstimate | give the estimate of the model with the lowest BIC value
data, kmax, pmax, qmax]

HannanRissanenEstimate [ give the estimate of the n models with the lowest BIC values
data, kmax, pmax, gqmax, n]

Estimations of ARMA models.

This generates a vector AR(2) series.

In[16] := (SeedRandom[123];
newseries =
TimeSeries[ARModel[{{{0.3, -0.1}, {0.4, 0.2}}, {{-0.5, 0.1}, {-0.2, 0.7}}},
{{1, 0}, {0, 1}}], 200];)

Observe how the vector time series data are defined and input into functions below.
In[17] := Short|[newseries, 4]

Out [17]//Short=
{{2.26787, 0.019026}, {1.51063, 2.42142}, <<197>>, {0.844117, -0.226315}}

The Yule-Walker estimate of the coefficients of the AR(2) series and the noise variance are returned inside the object
ARModel.

In[18] := armodel = YuleWalkerEstimate[newseries, 2]

out[18]= ARModel|[{{{0.255218, -0.0108376}, {0.439688, 0.218125}},
{{-0.453402, -0.0190763}, {-0.0559706, 0.712374}}},
{{0.962922, 0.118976}, {0.118976, 0.828492}}]

Here the AR(p) (p < 3) coefficients and noise variance are estimated using the Levinson-Durbin algorithm. Note that the
small magnitude of ¢3 for AR(3) indicates that p = 2 is the likely order of the process.
In[19] := (SeedRandom[123];

tseries = TimeSeries[ARModel[{0.5, -0.2}, 1], 200];
LevinsonDurbinEstimate[tseries, 3])

out [19]= {ARModel[{0.410985}, 0.968709], ARModel[{0.506934, -0.233462}, 0.91591],
ARModel[{0.486158, -0.188349, -0.0889921}, 0.908656]}
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The same parameters are estimated using the Burg algorithm.

In[20] := BurgEstimate[tseries, 3]

out [20]= {ARModel[{0.426314}, 0.971849], ARModel [{0.523447, -0.227845}, 0.921397],
ARModel [{0.506452, -0.1888, —-0.0745929}, 0.91627]}

This gives the estimate of MA(q) (9 < 4) coefficients and noise variance using the innovations algorithm.

In[21] := (SeedRandom[123];
tseries = TimeSeries[MAModel[{0.5, -0.2}, 1], 200];
InnovationEstimate[tseries, 4])

out[21]= {MAModel[{0.306685}, 1.08259], MAModel[{0.389053, -0.14926}, 1.0045],
MAModel[{0.401514, -0.130418, -0.101435}, 1.00234],
MAModel[{0.408681, -0.16681, —0.0736189, -0.113278}, 0.978422]}

This estimates the same parameters using the long AR method. The data are first fitted to an AR(10) model. The residuals
together with the data are fitted to an MA(2) process using regression.

In[22] := LongAREstimate[tseries, 10, 0, 2]

out [22]= MAModel [{0.516564, -0.197653}, 0.905695]

Here the parameters of the ARMA(1,2) model are estimated using the long AR method.

In[23] := (SeedRandom[123];
tseries = TimeSeries[ARMAModel[{0.2}, {0.2, -0.5}, 2], 250];
LongAREstimate[tseries, 8, 1, 2])

out [23]= ARMAModel [{0.399529}, {0.00710284, —0.580108}, 1.79702]

This calculates the AIC value for the model estimated above.

In[24]:= AIC[%, 250]

out [24]= 0.610128

The Hannan-Rissanen method can select the model orders as well as estimate the parameters. Often the order selection is
only suggestive and it should be used in conjunction with other methods.

In[25] := HannanRissanenEstimate[tseries, 8, 3, 3]

out [25]= ARMAModel|[{0.360899}, {0.0449159, -0.560618}, 1.80737]

Here we select three models using the Hannan-Rissanen method.

In[26] :- HannanRissanenEstimate[tseries, 8, 3, 3, 3]

{ARMAModel [{0.360899}, {0.0449159, -0.560618}, 1.80737],
MAModel[{0.405558, -0.440279}, 1.8654],
MAModel [{0.398491, -0.431242, -0.155303}, 1.82901]}

out [26]
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This gives the BIC value for each model estimated above.

In[27] := BIC[#, 250] & /@ %

out[27]= {0.658128, 0.667646, 0.670034)}

MLEstimate gives the maximum likelihood estimate of an ARMA type of model by maximizing the exact
likelihood function that is calculated using the innovations algorithm. The built-in function FindMinimum is
used and the same options apply. Two sets of initial values are needed for each parameter, and they are usually
taken from the results of various estimation methods given above. Since finding the exact maximum likelihood
estimate is generally slow, a conditional likelihood is often used. ConditionalMLEstimate gives an estimate
of an ARMA model by maximizing the conditional likelihood using the Levenberg-Marquardt algorithm.

ConditionalMLEstimate [data, p] fit an AR(p) model to data using the conditional maximum
likelihood method

ConditionalMLEstimate[ fit model to data using the conditional maximum likelihood

data, model] method with initial values of parameters as the arguments of
model

MLEstimate [datu , fit model to data using maximum likelihood method with initial

model, {¢1, {41y, ¢l3}}, .| values of parameters {¢1,,41,}, ...

LogLikelihood [data, model| give the logarithm of Gaussian likelihood for the given data
and model

Maximum likelihood estimations and the logarithm of Gaussian likelihood.

option name default value

MaxIterations 30 maximum number of iterations in searching
for minimum

Option for ConditionalMLEstimate.

A vector AR(1) series of length 200 is generated.

In[28] := (SeedRandom[1234];
TimeSeries[ARModel[{{{0.3, -0.1}, {0.4, 0.5}}}, {{1, 0}, {0, 1}}], 200];)

This yields the conditional maximum likelihood estimate of the parameters of a vector AR process. In the absence of an MA
part, this estimate is equivalent to a least squares estimate and no initial values for parameters are needed.

In[29] := ConditionalMLEstimate[%, 1]

out [29]= ARModel [{{{0.29656, -0.144169}, {0.379962, 0.428523}}},
{{0.848146, -0.0439261}, {-0.0439261, 0.849261}}]
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This gives the conditional maximum likelihood estimate of an ARMA(2,1) model. The initial parameter values
(¢1 = 0.4, ¢, = —0.35, 6; = 0.6) have to be provided as the arguments of ARMAModel.

In[30] := (SeedRandom[9283];
tsl = TimeSeries[ARMAModel[{0.7, -0.3}, {0.5}, 1], 100];
armamodel = ConditionalMLEstimate[tsl, ARMAModel[{0.4, -0.35}, {0.6}, 1]11])

out [30] = ARMAModel |[{0.549703, -0.342903}, {0.628324}, 0.711585]

The Hannan-Rissanen method is used to select a model. The estimated model parameters can serve as the initial values for
parameters in maximum likelihood estimation.

In[31] := (SeedRandom[9381];
tseries =
TimeSeries [MAModel [{{{0.2, -0.7}, {-0.2, 0.9}}}, {{1, 0}, {0, 1}}1, 100];
HannanRissanenEstimate[tseries, 10, 3, 3])

out [31]= MAModel[{{{0.102844, -0.543006}, {-0.0697756, 0.640399}}},
{{1.23301, -0.314665}, {-0.314665, 1.40438}}]

The above result is input here for the conditional maximum likelihood estimate.

In[32] := ConditionalMLEstimate[tseries, %]

out [32]= MAModel[{{{0.274936, -0.755129}, {-0.180682, 0.899108}}},
{{0.944411, -0.0383107}, {-0.0383107, 1.08534}}]

A SARIMAC(Y, 0, 1)(0, 0, 1), series is generated.

In[33] := (SeedRandom[2958];
tseries = TimeSeries[SARIMAModel[{O, 0}, 2, {-0.5}, {0}, {-0.3}, {0.8}, 1], 50];)

This yields the maximum likelihood estimate of the parameters of a SARIMA(1, 0, 1)(0, 0, 1), model. Note that the parame-
ters to be estimated are entered symbolically inside model and two initial values are needed for each of them. Since the
calculation of the likelihood of a univariate series is independent of the noise variance, it should not be entered in symbolic
form.
In[34] := sarima = MLEstimate[tseries, SARIMAModel[{O, 0}, 2, {¢1}, {0}, {61}, {1}, 1],
{¢1, {-0.4, -0.41}}, {61, {-0.2, -0.22}}, {©1, {0.7, 0.75}}]

out [34]= SARIMAModel[{0, 0}, 2, {-0.740659}, {0}, {-0.300039}, {0.524104}, 0.854466]

A bivariate MA(1) series is generated.

In[35]:= (SeedRandom[4567];
ts = TimeSeries[MAModel[{{{0.5, 0.2}, {-0.1, 0.4}}}, {{1, 0}, {0, 1}}], 50];:)
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For a vector ARMA series, the calculation of maximum likelihood is not independent of the covariance matrix; the covari-
ance matrix has to be input as symbolic parameters.

In[36] := MLEstimate[ts, MAModel [{{{tl, t2}, {t3, t4}}}, {{wl, w2}, {w2, w3}}],
{t1, {0.4, 0.45}}, {t2, {0.15, 0.16}}, {t3, {-0.09, -0.1}},
{t4, {0.3, 0.35}}, {wi, {1, 0.9}}, {w2, {0, 0.01}}, {w3, {0.9, 1}}]

out [36]= MAModel[{{{0.680734, 0.226766}, {-0.143536, 0.281516}}},
{{0.743654, -0.0202879}, {-0.0202879, 0.734156}}]

This gives the logarithm of the Gaussian likelihood.

In[37] := LogLikelihood[ts, %]

out[37]= —-35.2266

Let 8= (¢1, G2y ooy Pp, 1, 02, -, 0‘,)/ be the parameters of a stationary and invertible ARMA(p, q) model and ﬁ

the maximum likelihood estimator of S. Then, as 1 — oo, we have n'? (i} - ,8) = N (0, V(B)). For a univariate
ARMA model, AsymptoticCovariance [model] calculates the asymptotic covariance V from model. The
function InformationMatrix [data, model]l gives the estimated asymptotic information matrix whose inverse
can be used as the estimate for the asymptotic covariance.

AsymptoticCovariance [model | give the covariance matrix V of the asymptotic distribution of
the maximum likelihood estimators

InformationMatrix [data , model] give the estimated asymptotic information matrix

Asymptotic covariance and information matrix.

This gives the asymptotic covariance matrix of the estimators of an MA(3) model.

In[38] := AsymptoticCovariance[M.AModel[{61, 6,2, 63}, 02]];

The above asymptotic covariance is displayed in matrix form.
In[39] := MatrixForm[%]

out [39] //MatrixForm=
1-63 61 - 6, 63 B - 61 63
01-0,03 1+65-602-02 6,-60,0;
O, -0, 605 O1 -6, 0, 1-62

This gives the estimate of the information matrix.

In[40] := InformationMatrix[tsl, armamodel];
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The above information matrix is displayed here.
In[41] := MatrixForm[%]

Out [41] //MatrixForm=
1.30344 0.540457 0.650374
0.540457 1.30015 -0.397378
0.650374 -0.397378 1.64371

There are various ways to check the adequacy of a chosen model. The residuals {Z;} of a fited ARMA(p, )
process are defined by Zt =0"(B)¢(B) X; where t =1, 2, ..., n. One can infer the adequacy of a model by look-
ing at the behavior of the residuals. The portmanteau test uses the statistic Q;, = n (1 + 2) Zf.l:l ,62 (1) /(n — i) where
p(i) is the sample correlation function of the residuals; Q,, is approximately chi-squared with i — p — g degrees of
freedom. Q, for an m-variate time series is similarly defined, and is approximately chi-squared with
m*(h — p — q) degrees of freedom.

Residual [data , model ] give the residuals of fitting model to data

PortmanteauStatistic [residual , h] calculate the portmanteau statistic Qj, from residual

Residuals and test statistic.

The adequacy of the fitted model for the earlier example is accepted at level 0.05 for i = 20 since y%5(72) > Q.

In[42] := Q = PortmanteauStatistic[Residual [newseries, armodel], 20]

out [42]= 64.8689

After establishing the adequacy of a model, we can proceed to forecast future values of the series. The best
linear predictor is defined as the linear combination of observed data points that has the minimum mean-square
distance from the true value. BestLinearPredictor gives the exact best linear predictions and their mean
squared errors using the innovations algorithm. When the option Exact is set to False the approximate best
linear predictor is calculated. For an ARIMA or SARIMA series {X;} with a constant term, the prediction for

future values of {X;} can be obtained from the predicted values of {Y}, {lA/}, where Y; = (1-B)y (1 - BS)D Xy, using
IntegratedPredictor.

BestLinearPredictor[ give the prediction of model for the next n values and their
data, model, n} mean square errors

IntegratedPredictor[ give the predicted values of {X;} from the predicted values
xlist, {d, D} , s, yhatlist] yhatlist

Predicting time series.

option name default value

Exact True whether to calculate exactly

Option for BestLinearPredictor.
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This gives the prediction for the next three data points and their mean square errors for the vector ARMAC(1, 1) process.

In[43] := (model = ARMAModel[{{{0.5, -0.2}, {0.3, -0.3}}},
{{{-0.5, 0.2}, {0.8, 0.3}}}, {{1, O}, {0, 1}}1:
tseriesl = TimeSeries[model, 20];
BestLinearPredictor[tseriesl, model, 3])
out (43]= {{{0.0878762, 1.16349}, {-0.188761, -0.322686}, {-0.0298433, 0.0401774}},
{{{1., -2.8716x107%}, {-2.8716x1077, 1.}},
{{1., 1.26535x107%}, {1.26535x107, 2.21}}, {{1.0484, 0.0726}, {0.0726, 2.3189}}}}

Here is the prediction for the next four data points and their mean square errors for the previously fitted SARIMAC(1, 0, 1)(0,
0, 1), model.

In[44] := BestLinearPredictor[tseries, sarima, 4]

out[44]= {{-0.341681, 0.196892, -0.0795141, 0.0588928}, {0.854466, 1.7799, 3.21265, 4.27749}}

Here is the prediction for the next four data points and their mean square errors for an ARIMA(2, 2, 2) model.

In[45] := (model = ARIMAModel[2, {1, -0.5}, {0.3, 0.6}, 1];
SeedRandom|[3986] ;
tseries = TimeSeries[model, 20];
BestLinearPredictor[tseries, model, 4, Exact -> False])

out [45]= {{-165.981, -182.705, -200.078, -217.858}, {1, 11.89, 60.89, 191.992}}



2.3 The Kalman Filter

The Kalman filter is a technique that can be used to recursively estimate unobservable quantities called state
variables, {X;}, from an observed time series {Y;}. Many time series models (including the ARMA models) can be
cast into a state-space form given by

Yt = GtXt+dt+Wt
Xt = PtXt71+Ct+Vt/

where {Y;} is the time series we observe and {X;} is the state variable. F, G, ¢, and d are known matrices or
vectors, and they can be dependent on time. {W;} and {V;} are independent Gaussian white noise variables with
zero mean and covariance matrices E V; V| = 6;; Q; and E W; W] = §; R;, respectively.

Let 5(t|s be the best linear estimate of X; and Py be its mean square error, given I, the information up to time s.

Given the initial values {Xmﬂml, Pm+1|m}, the Kalman filter yields {)A(WZWH, Psoms1, Xm+1|m+1, Pm+1|m+1}.

KalmanFilter[Yt 1 {Xt\t-%-ll Pt—l}l Ft+1l th Qt+1l Rtl Ctt1 s dt]

give {}A{H—llt/ Piia, ktlt , Ptlt}

KalmanFilter[{YmHz Y2, -0 Y1), {Xm+1|m: Pm+1|m}z F,G,Q R, ¢, d]
give {{Xm+2|m+1r Prsomsts Xonstpms1, Prustpme1)s s
{XT+1|T/ PT+1|T/ XTlT/ PTIT}} if F, G, R, ¢, and d are time
independent

Kalman filtering.

Note that if any one of F, G, Q, R, ¢, ord is time dependent, F, G, Q, R, ¢, andd in the input to KalmanFilter
shown above should be replaced by {F,.2, Fus3, - Frail, {Guat, Gusz, oo Grhy AQma2, Quass oo Qreals
{Rys1, Rinva, - R7), {Cms2, Cnass <o, C141), and {dyi1, dyso, .., dr), respectively. Note also that if c =0 and d =0,
the last two arguments of KalmanFilter can be omitted.

A fixed-point Kalman smoother gives the estimated value of the state variable at t based on all the available
information up to T, where T > t. The idea is that as new data are made available, we can improve our estima-
tion result from the Kalman filter by taking into account the additional information.

KalmanSmoothing [ filterresult, F} "smooth" the result of the Kalman filtering

Kalman smoothing.

KalmanSmoothing gives {{XerllTr Xm+2|T/ Y )A(Tn"}, {Pm+1|T/ Pm+2|T/ Y PTlT}}' The first argument of Kalman-
Smoothing, filterresult, is the result of KalmanFilter, that is,

{{Xm+2|m+1/ Pm+2|m+1/ Xm+1|m+1/ Pm+1|m+1}, ceey {XT+1|Tr PT+1|T/ XTIT/ PTIT}}/ and T is the transition matrix in the above
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state equation. If F is time dependent, the second argument of KalmanSmoothing should be
{Fms2, sz, ooy Fraa)s

The Kalman prediction estimates the state variable X;,;, based on the information at ¢, ;.

KalmanPredictorH)A(Hw, Pt+1|t}, F, Q, ¢, h

give the next h predicted values and their mean square errors

Kalman predictor.

KalmanPredictor [{Xt+1|t, Pt+1|t}, F, Q, ¢, h]l or KalmanPredictor [{Xt+1|t, Pt+1|t},

{Frear oo Frands Quns ooor Quds {ces2, -+, ciqpy)] gives the next b predicted values and their mean square errors

{{Xmu, Xt+2|t, . Xt+h|t}, {Pm”, Piiog, -, Pt+h|t}}. Again, the argument ¢ can be omitted if it is always 0.

A simple structural model is the local level model. It is given by

Hi t &
He-1 + 1.

Yt
Hi

The model is in state-space form with F=1,G=1,and c=d = 0.

This loads the package.

In[1] := Needs["TimeSeries TimeSeries ™ "]

In the state-space model given earlier, if we set F = 1, G = 1, and ¢ = d = 0, we have a local level model. Here we generate
a time series of length 30 according to the local level model with Q = 1.2 and R = 0.6.

In[2] := (SeedRandom[354101];
eta = RandomSequence[0, 1.2, 50];
mu = Accumulate[eta];
datal = RandomSequence[0, 0.6, 50] + mu;)
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This plots the series.

In[3]:= ListLinePlot[datal]

15

10+

Out [3]=

To start the Kalman filter iteration, initial values are needed. Here we use the so-called diffuse prior.

In[4]:= init =
Limit[Take[KalmanFilter[datal[[1]], {0, k}, 1, 1, 1.2, 0.6], 2], k-> Infinity]

out[4]= {1.05868, 1.8}

We can also use the function get Init to get the initial values.

In[5] := getInit[y ?AtomQ, F , G, Q , R ,c :0,d :0] :={#*x(y-d)+c, #°2%R+Q} &[F/G];

In[6]:= getInit[y ?VectorQ, F, G, Q, R, c_:0, d_:0] :=
Module[{m = Length[y], invF = Inverse[F], temp, zero, finvtemp, tempzero},
zero = Table[0, {m}];
temp = Flatten[NestList[#.invF &, G, m - 1], 1];
finvtemp = F.Inverse[Reverse[temp]];
tempzero = Append[Reverse[Rest[temp]], zero];
{finvtemp.(y - d + If[c === 0, 0, Reverse[Accumulate[Rest[temp]]].c]) + c,
finvtemp. (Outer[Total [MapThread[Dot, {#1, #2}]] &,
NestList [Append[Rest[#], zero] &, #.Q0 & /@ tempzero, m - 1],
NestList [Append[Rest[#], zero] &, tempzero, m - 1], 1] +
RIdentityMatrix[m]) .Transpose[finvtemp] + Q}]

In[7]:= init = getInit[datal[[1]], 1, 1, 1.2, 0.6]

out[7]= {1.05868, 1.8}

This gives the result of Kalman filtering. Note that the initial values are {5(2”, P2|1} and the series now starts from f = 2.

In[8] := kf = KalmanFilter[Rest[datal], init, 1, 1, 1.2, 0.6];
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Here the form of the output of KalmanFilter is shown. It is a list of {Xt+1|t, Piiae, )A(ﬂt, Ptlt} fort =2,3, ..., T, with
T = 50.

In[9] := Short[kf, 6]

Out [9] //Short=
{{-0.453302, 1.65, -0.453302, 0.45},
{0.983304, 1.64, 0.983304, 0.44)}, <<46>>, {16.7961, 1.63923, 16.7961, 0.43923}}

This gives the smoothed estimates of the trend and their mean square errors.

In[10] := KalmanSmoothing[kf, 1];

Note that the output of KalmanSmoothing is a list of two lists. The first list contains XﬂT fort=2,3,..., T,withT =50
and the second list contains the corresponding mean square errors.

In[11] := Dimensions[%]

out[11]= {2, 49}

The smoothed values are plotted here.

In[12] := ListLinePlot[%%[[1]], DataRange -> {2, 50}]

15+

T

10 -

T

out[12]=

T

T

This gives the next three predicted values and their mean square errors.

In[13] := KalmanPredictor[Take[Last[kf], 2], 1, 1.2, 0, 3]

out[13]= {{16.7961, 16.7961, 16.7961}, {1.63923, 2.83923, 4.03923}}

The Kalman filter can be used to calculate the likelihood function of a time series in state-space form.

LogLikelihood [data , give the logarithm of the Gaussian likelihood of data
init, F, G, Q, R, ¢, d|

Log likelihood.
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Now the variances R and Q are to be estimated and the initial values depends on them.

In[14]:= init = getInit[datal[[1]], 1, 1, g, r]

out[14]= {1.05868, g+r}

This gives maximum likelihood estimate of Q and R.

In[15]:= Clear[£f, if];
if = Function[Evaluate[init /. {g-» #1, r » #2}]];
f[g_ ?NumericQ, r ?NumericQ] := -LogLikelihood[Rest[datal], if[qg, r], 1, 1, g, r]

In[16] := FindMinimum[£f[q, r], {q, 0.8, 0.9}, {r, 0.3, 0.4}]

out[16]= {44.003, {g—>1.65215, r— 0.302524}}



2.4 Univariate ARCH and GARCH Models

Autoregressive Conditional Heteroskedasticity (ARCH) models and Generalized Autoregressive Conditional
Heteroskedasticity (GARCH) models are used to model the changes in variance as a function of time. A
GARCH(p, q) model is

thvt\/z

where {1} is an independently distributed Gaussian random sequence with zero mean and unit variance; /; is
the conditional variance of Z; conditional on all the information up to time t -1, I;_1:

q p
E (th | It—l) = ht =qp+ Zai Zt2—i + Z'Bl ht—i'
i=1 i=1
When p = 0, we have an ARCH(g) model. A GARCH-in-mean (or ARCH-in-mean) model is defined by
Yt = 6f(ht) + Zt'

That is, the conditional mean is also a function of conditional variance /;, where f(h) is usually \/; or h. An
ARCH (or GARCH) regression model is

Yt = X;b + Zt
or
Yt = X;b + 6f (ht) + Zt'
ARCHModel [alphalist] ARCH(q) model with the coefficients {a, @1,...,a4} in alphalist
GARCHModel [alphalist, betalist] GARCH(p, q) model with the coefficients {ag, a,...,@;} and
{B1,--.,B4} inalphalist and betalist, respectively
ARCHModel [alphalist, o, f ] ARCH-in-mean model
GARCHModel [alphalist, betalist, 6, f ] GARCH-in-mean model

ARCH and GARCH models.

Note that the function f should be a symbol representing a Mathematica built-in function or a pure function.
Note also these models will be referred as archmodel to differentiate them from ARMA type models.
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TimeSeries [archmodel, n] generate a time series of length n from archmodel

TimeSeries [archmodel , n, init] generate a time series with given initial values init

Generating ARCH time series.

This loads the package.

In[1] := Needs["TimeSeries TimeSeries "]

This generates a GARCH time series of length 10. Note that the third argument is optional. It specifies the initial values
{{h,p+1, hopia, ..., ho}, {Z,qﬂ, Zogi2s ooy ZO}}, or {Z,q+1, Zogi2s ooy ZO} as in the case of an ARCH model.

In[2] := (SeedRandom[4567];
TimeSeries [GARCHModel[{0.05, 0.2}, {0.3}], 10, {{0.1}, {0.2}}])

out[2]= {0.273984, -0.0604305, 0.195588, -0.034382,
0.269706, 0.1712, -0.00232378, -0.278077, -0.567274, 0.315893}

Here we generate an ARCH-in-mean series of length 10. Note that the function f should be a symbol representing a Mathe-
matica built-in function (here Log) or a pure function.

In[3] := (SeedRandom[3457];
TimeSeries[ARCHModel[{0.05, 0.3}, 0.5, Log], 10])

out[3]= {-1.13392, -1.87536, -0.471234, -0.957423,
-1.52742, -1.38422, -1.6642, -1.62875, -0.771731, -0.371803}

This generates the so-called AR-ARCH series. That is, the noise or error used in generating AR series is an ARCH process,
with g = 0.02 and a7 = 0.3.

In[4] := (SeedRandom[43658];
z = TimeSeries[ARCHModel[{0.02, 0.3}], 10];
data = TimeSeries[ARModel[{0.5, -0.1}], z, {0, 0}])

out[4]= {-0.116087, -0.294447, -0.0515721, 0.256337,
0.0973735, -0.222807, -0.0720606, 0.167836, 0.159846, -0.167463}

LogLikelihood[data, archmodel } give the logarithm of the Gaussian likelihood for the given
data and archmodel

LogLikelihood[ give the logarithm of the Gaussian likelihood of an ARCH or

data, archmodel, X, blist] GARCH regression series data

LogLikelihood [data, give the logarithm of the Gaussian likelihood of an AR-ARCH

archmodel, ARModel [ philist] ] or AR-GARCH series data

LogLikelihood [data , give the logarithm of the Gaussian likelihood of an AR-ARCH

archmodel, ARModel [ philist] , ,u] or AR-GARCH series with a constant mean u

Log likelihood for ARCH series.
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option name default value

PresampleValue Automatic presample value

Option for LogLikelihood.

Note that the X is the matrix X = {x’l, X5, ..., x}\,} and blist is a list of parameters b defined in the ARCH regres-
sion model. The presample values of {z% gHlr o z2,, z%} and {h_p+1, e, hq, ho} are assumed to be equal to a fixed

value sigma2, and it can be specified using the option PresampleValue -> sigma2. The default setting for
PresampleValue is Automatic, which corresponds to using the sample equivalence of o for GARCH

models and to using g /(1 - X1, @; - ¥, B;) for GARCH-in-mean models.

This gives the log likelihood of data.
In[5] := LogLikelihood[data, ARCHModel[{0.02, 0.3}], ARModel[{0.5, -0.1}]]

out [5]= 9.28712

ConditionalMLEstimate [ fit archmodel to data using the conditional maximum likelihood
data, archmodel | method
ConditionalMLEstimate [ fit ARCH or GARCH regression model to data

data, archmodel, X, blist]

ConditionalMLEstimate | fit AR-ARCH or AR-GARCH model to data
data, archmodel, ARModel [philist} }

ConditionalMLEstimate [data, fit nonzero mean AR-ARCH or AR-GARCH model to data
archmodel, ARModel [philist], u]|

Conditional maximum likelihood estimations.

option name default value

MaxIterations 30 maximum number of iterations in searching
for minimum

PresampleValue Automatic presample value

Options for ConditionalMLEstimate.

This generates a GARCH-in-mean series of length 200.

In[6] := (SeedRandom[456717];
z = TimeSeries [GARCHModel[{0.06, 0.5}, {0.3}, 0.2, Sqgrt], 200];)
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ConditionalMLEstimate is used to estimate the model parameters. Note that the output contains the estimated model
and the root mean square errors of the estimated parameters.

In[7] := ConditionalMLEstimate[z, GARCHModel[{0.05, 0.4}, {0.3}, 0.1, Sqgrt]]

out [7]= {GARCHModel[{0.118552, 0.668799}, {-0.029961}, 0.270006, Sqrt],
{{0.0240911, 0.177117}, {0.0554242}, 0.0554242}}

We generate an AR-ARCH series of length 50.

In[8] := (SeedRandom[4561];
z = TimeSeries [ARCHModel[{0.01, 0.5}], 50];
data = TimeSeries[ARModel[{-0.7}], z];)

This gives the conditional maximum likelihood estimate of the model parameters and their corresponding root mean
square errors.

In[9] := ConditionalMLEstimate[data, ARCHModel[{0.01, 0.4}], ARModel[{-0.5}]]

out [9]= {{ARCHModel[{0.00823786, 0.299001}], ARModel [{-0.780304}]},
{{0.00210545, 0.255393}, {0.149147}}}

Note that we can also first estimate the parameter of the AR model.

In[10] := ConditionalMLEstimate[data, 1]

out[10]= ARModel[{-0.723085}, 0.0110195]

Then we estimate the ARCH parameters from the residuals. The two estimates give comparable results.

In[11] := ConditionalMLEstimate[Residual[data, %], ARCHModel[{0.01, 0.4}]]

out[11]= {ARCHModel[{0.00860008, 0.248135}], {0.00208182, 0.232919}}

The Lagrange multiplier (LM) test is commonly used to test for the existence of ARCH. The null hypothesis is

no ARCH, thatis, @; = a; = -+ = @, = 0 and the LM statistic has a )(5 distribution asymptotically under the null
hypothesis.
LMStatistic [data, archmodel } calculate LM statistic with estimated parameters under the
null inside archmodel
LMStatistic [ calculate LM statistic of an ARCH or GARCH regression series
data, archmodel, X, blist]
LMStatistic [data , calculate LM statistic of an AR-ARCH or AR-GARCH series
archmodel, ARModel [philist] ]
LMStatistic [data, calculate LM statistic of an AR-ARCH or AR-GARCH series
archmodel, ARModel [philist], u| with nonzero mean u

LM statistic.
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option name default value

PresampleValue Automatic presample value

Option for LMStatistic.

To test the existence of ARCH using the LM test, we need to estimate the parameters under the null hypothesis. Note that
the null hypothesis is no ARCH, that is, a pure AR(1) model.

In[12] := ConditionalMLEstimate[data, ARCHModel[{0.01}], ARModel[{-0.5}], MaxIterations -> 100]

out [12]= {{ARCHModel[{0.0109821}], ARModel[{-0.72387}]}, {{0.00184937}, {0.123171}}}

This is the alternative model with the parameters estimated under the null hypothesis. Note that a1 = 0 is inserted.

In[13]:= MapAt[Append[#, 0] &, %[[1]], {1, 1}]

out[13]= {ARCHModel[{0.0109821, 0}], ARModel[{-0.72387}]}

This gives the LM statistic.

In[14] := LMStatistic[data, Sequence @@ %]

out [14]= 1.39372

Since this number is larger than the the above LM statistic, the null hypothesis is accepted.

In[15] := Quantile[ChiSquareDistribution[1], 0.95]

out [15]= 3.84146
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